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' Abstract. A fundamental conjecture in General Relativity asserts that the domain 

. of outer communication of a regular, stationary, four dimensional, vacuum black hole 

solution is isometrically diffeomorphic to the domain of outer communication of a Kerr 
black hole. So far the conjecture has been resolved, by combining results of Hawking 
[18], Carter [5] and Robinson [28], under the additional hypothesis of non-degenerate 
. horizons and real analyticity of the space-time. We develop a new strategy to bypass 

' analyticity based on a tensorial characterization of the Kerr solutions, due to Mars [25], 

and new geometric Carleman estimates. We prove, under a technical assumption (an 
' Q ' ' identity relating the Ernst potential and the Killing scalar) on the bifurcate sphere of the 

event horizon, that the domain of outer communication of a smooth, regular, stationary 
5^ ' Einstein vacuum spacetime of dimension 4 is locally isometric to the domain of outer 

W), communication of a Kerr spacetime. 
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1. Introduction 



A fundamental conjecture in General Relativity asserts that the domains of outer 

communication of regular^, stationary, four dimensional, vacuum black hole solutions are 
isomctrically diffeomorphic to those of Kerr black holes. One expects, due to gravitational 
radiation, that general, asymptotically flat, dynamic, solutions of the Einstein- vacuum 
equations settle down, asymptotically, into a stationary regime. A similar scenario is 
supposed to hold true in the presence of matter. Thus the conjecture, if true, would 
characterize all possible asymptotic states of the general evolution. 

So far the conjecture has been resolved, by combining results of Hawking [18], Carter [5], 
and Robinson [28], under the additional hypothesis of non-degenerate horizons and real 
analyticity of the space-time. The assumption of real analyticity is both hard to justify 
and difficult to dispense of. One can show, using standard elliptic theory, that stationary 
solutions are real analytic in regions where the corresponding Killing vector-field T is 
time-like, but there is no reason to expect the same result to hold true in the ergo-region 
(in Kerr, the Killing vector-field T, which is time-like in the asymptotic region, becomes 
space-like in the ergo-region). In view of the main application of the conjectured result to 
the general problem of evolution, mentioned above, there is also no reason to expect that, 
by losing gravitational radiation, general solutions become, somehow, analytic. Thus 
the assumption of analyticity is a serious limitation of the present uniqueness results. 
Unfortunately one of the main step in the current proof, due to Hawking [18], depends 
heavily on analyticity. As we argue below, to extend Hawking's argument to a smooth 
setting requires solving an ill posed problem. Roughly speaking Hawking's argument 
is based on the observation that, though a general stationary space may seem quite 
complicated, its behavior along the event horizon is remarkably simple. Thus Hawking has 
shown that in addition to the original, stationary. Killing field, which has to be tangent 

^See reviews by B. Carter [4] and P. Chusciel [8], [9], for a history and review of the current status of 
the conjecture. 

^The notion of regularity needed here requires a careful discussions concerning the geometric hypothesis 
on the space-time. 
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to the event horizon, there must exist, infinitesimally along the horizon, an additional 
Killing vector-field. To extend this information, from the event horizon to the domain 
of outer communication, requires one to solve a boundary value problem, with data on 
the horizon, for a linear differential equation. Such problems arc typically ill posed (i.e. 
solutions may fail to exist in the smooth category.) In the analytic category, however, the 
problem can be solved by a straightforward Cauchy-Kowalewsky type argument. Thus, 
by assuming analyticity for the stationary metric. Hawking bypasses this fundamental 
difficulty, and thus is able to extend this additional Killing field to the entire domain 
of outer communication. As a consequence, the space-time under consideration is not 
just stationary but also axi-symmetric, situation for which Carter-Robinson's uniqueness 
theorem [5], [28] applies. It is interesting to remark that this final step does not require 
analyticity. 

Though ill posed problems do not, in general, admit solutions, one can, when a solution 
is known to exist, often prove uniqueness (we refer the reader to the introduction in [20] 
for a more thorough discussion of this issue) . This fact has led us to develop a different 
strategy for proving uniqueness based on a characterization of the Kerr solution, due 
to Mars [25], and geometric Carleman estimates applied to covariant wave equations on 
a general, stationary, black hole background. We discuss this strategy in more details 
in the following subsection, after we recall a few basic definitions and results concerning 
stationary black holes. Our main result, stated in subsection 1.2 below, proves uniqueness 
of the Kerr family among all, smooth, appropriately regular, stationary solutions, with a 
regular, bifurcate, event horizon, under an additional assumption which has to be satisfied 
along the bifurcate sphere 5*0 of the event horizon. More precisely we assume a pointwise 
complex scalar identity relating the Ernst potential a and the KiUing scalar on Sq. 

1.1. Stationary, regular, black holes. In this subsection we review some of the main 
definitions and results concerning stationary black holes (see also the discussion in the 
introduction to section 3. We will also give a more detailed discussion of our new approach 
to the problem of uniqueness. Precise assumptions concerning our result will be made 
only in the next subsection. 

The main objects in the theory of stationary, vacuum, black holes are 3-1-1 dimensional 
space-times (M, g) which are smooth, strongly causal, time oriented, solutions of the 
Einstein vacuum equations, see [18] for precise definitions, and which are also stationary, 
asymptotically flat. More precisely one considers, see for example page 2 in [17], space- 
times (M, g) endowed with a 1-paramctcr group of isometrics generated by a Killing 
vector-field T, and which possess a smooth space-like slice Eq with an asymptotically fiat 
endEj,^"'') C Eo on which g{T, T) < 0. To ensure strong causality we assume that M is the 
maximal globally hyperbolic extension of Eq. This implies, in particular, that all orbits of 
T are complete, see [10], and must intersect Eq, see [13]. Define M*^'^""'^ = Utg]R$i(EQ"^'^). 
Take B to be the complement of X~(M'^^'^'^)), W the complement of X"'"(M'^^"''^)), where 
I'^iS) denote the causal future and past sets of a set 5" C M. In other words B (called 
the black hole region), respectively W (called the white hole region), is the set of points 
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in M for which no future directed, respectively past directed, causal curve meets M'^'^"''). 
Also we take E (called domain of outer communication) the complement of W U B, i.e. 

E = J"(M(^"^)) nX+iM^^'"^^). We further define the future event horizon to be the 
boundary of X~(M^*^"'^^) and the past event horizon to be the boundary of X"'"(M^^"'^^), 

7i+ = 5B, n- = SW. 

By definition both TC~^ and 7i~ are achronal (i.e. no two points on Ti"*", or 7i~ can be 
connected by time-like curves) boundaries generated by null geodesic segments. According 
to the topological censorship theorem, see [14] or [16], the domain of outer communication 
E is simply connected. This implies that all connected components of event horizons must 
have the topology of §^ x R. In our work we shall assume that the event horizon has only 
one component. 

It follows immediately from the definitions above that the flow $t must keep and 
invariant, therefore the generating vector-field T must be tangent to H. One further 
assumes that $t has no fixed points on with the possible exception of 5*0 = Ti.^ fl ?i~ . 
Then either T is space-like or null at all points of Ti. If T is null on Ti, in which case Ti 
is said to be a Killing horizon for T, Sudarski-Wald [31] have proved that the space-time 
must be static, i.e. T is hypersurface orthogonal. Static solutions, on the other hand, are 
known to be isomorphic to Schwarzschild metrics, see [22], [3] and [11]. In this paper we 
are interested only in the case when T is space-like at some points on the horizon. 

The existence of partial Cauchy hypersurface Sq implies, in particular, the existence 
of a foliation on E, which induces a foliation St on the horizon Ti with a well defined 
area. A key result of Hawking [18] (see also [15] where the area theorem is proved under 
very general differentiability assumptions), shows that the area of St is a monotonous 
function of t. Using this fact, together with the tangency of the Killing field T, one can 
show that the null second fundamental forms of both 7i~^ and 7Y~ must vanish identically, 
see [18]. Specializing to the future event horizon Hawking [18] (see also [21]) has 
proved the existence of a non-vanishing vector-field K, tangent to the null generators of 
Ti,'^ which is Killing to any order along Ti"*". Moreover T)kK = kK with k, constant along 
Ti"*", called the surface gravity of Ti^ . If k 7^ we say that Ti"*" is non-degenerate. In the 
non-degenerate case the work of Racz and Wald [29] supports the hypothesis, which we 
make in our work (see next subsection), that Ti"^ and H." are smooth null hypersurfaces 
intersecting smoothly on a 2 surface 5*0 with the topology of the standard sphere. We say, 
in this case, that the horizon is a smooth bifurcate horizon. 

Under the restrictive assumption of real analyticity of the metric g one can show, see 
[18] and [12], that the Hawking vector- field K can be extended to a neighborhood of the 
entire domain of communication^. One can then show that the spacetime (M, g) is not just 
stationary but also axi-symmetric. One can then appeal to the results of Carter [5] and 
Robinson [28] which show that the family of Kerr solutions with < a < m exhaust the 

"'in [17] it is shown that K can be extended in the complement of the domain of outer communication 
E without the restrictive analyticity assumption. However their argument does not apply to the domain 
of outer communication E. 
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class of non-degenerate, stationary axi-symmetric, connected, four dimensional, vacuum 
black holes. This concludes the present proof of uniqueness, based on analyticity. 

Without analyticity any hope of extending K outside 7Y. in E, by a direct argument 
encounters a fundamental difficulty. Indeed one needs to extend K such that it satisfies 
the Killing equation, 

D^X, + D^i^, = 0. (1.1) 

Differentiating the Killing equation and using the Ricci fiat condition Ric(g) = one 
derives the covariant wave equation Dgi^ = 0. The obstacle wc encounter is that the 
boundary value problem Dg-ftT = with K prescribed on Ti. is ill posed, which means that 
it is impossible to extend K by solving □gA' = 0, if the metric is smooth but fails to be 
real analytic. To understand the ill posed character of the situation it helps to consider 
the following simpler model problem in the domain E = {{t,x) € M^+^/lxl > 1 + \t\} of 
Minkowski space 

□0 = F(0,90), <P\m = K (1.2) 

Here □ is the usual D'Alembertian of R^+^ and F a smooth function of and its partial 
derivatives vanishing for (p = d(j) = Q. One can regard E as a model of the domain 
of outer communication and its boundary 7i = 5E as analogous to the bifurcate event 
horizon considered above. The problem is still ill posed; even in the case F = we cannot, 
in general, find solutions for arbitrary smooth boundary data 0o- Yet, as typical to many 
ill posed problems, even if existence fails we can still prove uniqueness. In other words if 
(1.2) has two solutions 0i, 02 which agree on 7i = 5E then they must coincide everywhere 
in E, see [20]. The result is based on Carleman estimates, i.e. on space-time a-priori 
estimates with carefully chosen weights. A more realistic model problem is to consider 
smooth space-time metrics g in M^+''^ which verify the Einstein vacuum equations and 
agree, up to curvature, with the standard Minkowski metric on the boundary Ti = 6'E. 
Can we prove that g must be fiat also in E ? It is easy to see, using the Einstein 
equations, that the Riemann curvature tensor R of such metrics must verify a covariant 
wave equation of the form Dg-R = R * R, with R* R denoting an appropriate quadratic 
product of components of R. We are thus led to a question similar to the one above; 
knowing that R vanishes on the boundary of E can we deduce that it also vanishes on E ? 
Using methods similar to those of [20] we can prove that R must vanish in a neighborhood 
of Ti. We also expect that, under additional global assumptions on the metric g, one can 
show that R vanishes everywhere on E and therefore g is locally Minkowskian. 

These considerations lead us to look for a tensor-field S, associated to our stationary 
metric g, which satisfies the following properties. 

(1) If <S vanishes in E then the metric g is locally isometric to a Kerr solution. 

(2) S verifies a covariant wave equation of the form, 

DgS ^A*S + B*'DS, (1.3) 
with A and B two arbitrary smooth tensor-fields. 
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(3) S vanishes identically on the bifurcate event horizon Ti. 

An appropriate space-time tensor verifying condition (1) has been proposed by M. Mars 
in [25] , based on some previous work of W. Simon [30] ; we refer to it as the Mars-Simon 
tensor. In this paper we shall show that S verifies the desired wave equation in (2) and 
give a sufficient, simple condition on the bifurcate sphere Sq, which insures that S vanishes 
on the event horizon Ti. We then prove, based on a global unique continuation argument, 
that S must vanish everywhere in the domain of outer communication E. In view of 
Mars's result [25] we deduce that E is locally isometric with a Kerr sohition. 

The imique continuation strategy is based on two Carleman estimates. The first one 
establishes the vanishing of solutions to covariant wave equations, with zero boundary 
conditions on a neighborhood of Sq on the event horizon, to a full space-time neighborhood 
of Sq. The proof of this result can be extended to the exterior of a regular, bifurcate null 
hypersurface (i.e. with a regular bifurcate sphere), in a general, smooth, Lorentz manifold. 
Our second, conditional, Carleman estimate is significantly deeper as it depends heavily 
on the specific properties of stationary solutions of the Einstein vacuum equations. We use 
it, together with an appropriate bootstrap argument, to extend the region of vanishing 
of the Mars -Simon tensor from a neighborhood of 5*0 to the entire domain of outer 
communication E. The proof of both Carleman estimates (see also discussion in the first 
subsection of section 3), but especially the second, rely on calculations based on null 
frames and complex null tetrads. We develop our own formalism, which is, we hope, 
a useful compromise between that of Newmann- Penrose [27] and that used in [7], [23]. 
Strictly speaking the formalism used in [7] does not apply in the situation studied here 
as it presupposes that the horizontal distribution generated by the null pair is integrable. 
The horizontal distribution generated by the principal null directions in Kerr do not verify 
this property. 

1.2. Precise assumptions and the Main Theorem. We state now our precise assump- 
tions. We assume that (M, g) is a smooth^, time oriented, vacuum Einstein spacetime of 
dimension 3-1-1 and T e T(M) is a smooth Killing vector-field on M. In addition, we 
make the following assumptions and definitions. 

AF. (Asymptotic fiatness) We assume that there is an open subset M*^^"'*'' of M which is 
diffeomorphic to Rx ({x e : \x\ > R}) for some R sufficiently large. In local coordinates 
{t, x^} defined by this diffeomorphism, we assume that, with r = y/{x^y + {x^y + (^3)2, 

goo = -l + ^ + 0(r-2), g.^. = 5^. + 0(r-i), g,, = 0{r-^), (1.4) 
for some M > 0, and 

T = dt therefore S^g^j, = 0. 
We define the domain of outer communication (exterior region) 

E = x-(m(^"'^)) n x+(m(^"'^^). 



'M is assumed to be a connected, orientable, paracompact C°° manifold without boundary. 
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We assume that there is an imbedded space-like hypersurface Sq C M which is diffeomor- 
phic to {x e : \x\ > 1/2} and, in M^^"''), Eq agrees with the hypersurface corresponding 
to i = 0. Let To denote the future directed unit vector orthogonal to Sq. We assume that 
every orbit of T in E is complete and intersects the hypersurface Eq, and 

|g(T,ro)| >OonEonE. (1.5) 
SBS. (Smooth bifurcate sphere) Let 

So = (5(j-(m(""'^))) n 5(j+(m(""'^))). 

We assume that 5*0 C Sq and 5*0 is an imbedded 2-sphere which agrees with the sphere 
of radius 1 in under the identification of Eq with {x e : \x\ > 1/2}. Furthermore, 
we assume that there is a neighborhood O of 5*0 in M such that the sets 

n+^On 5(2:- (M(""'')) and = o n 5(x+(m(""'')) 

are smooth imbedded hypersurfaces diffeomorphic to -S'o x (—1, 1), We assume that these 
hypersurfaces are null, non-expanding^, and intersect transvcrsally in Sq. Finally, we 
assume that the vector-field T is tangent to both hypersurfaces Ti.^ = O r\S{I~ (M.^^'^^^)) 
and W = On 5(X+(M(^"''))), and does not vanish identically on Sq^. 

T. (Technical assumptions). Let = Dq,T/3 denote the Killing form on M, and 
^ap = Fap + i *F^p, where *F^p = \ Eap-yS F^^- Let J^^ = JF^^JF"/^. The Ernst 1-form 
associated to T is defined as = 2T°J^q;^. It is easy to check, see equation (4.18), that 
(T^ is exact and. therefore, there exists a complex scalar a defined in an open neighborhood 
of Eq, called the Ernst potential, such that D^o" = o"^. In view of the asymptotic fiatness 
assumption AF, we can choose a such that cr 1 at infinity along Eq. Our main technical 
assumptions are 

-AM^J^'^ = (1 - a)^ on ^o, (1-6) 

and 

3f?((l - cr)-^) > 1/2 at some point on So- (1.7) 



Remark 1.1. As we have discussed in the previous subsection some of the assumptions 
made above have been deduced from more primitive assumptions. For example, the com- 
pleteness of orbits o/E can be deduced by assuming thatM. is the maximal global hyperbolic 
extension of Tiq, see [10]. Our precise space-time asymptotic fiatness conditions can he 

null hypersurface is said to be non-expanding if the trace of its null second fundamental form 

vanishes identically. 

Sjn view of a well known result, see [24], any non- vanishing Killing field on So can only vanish at a 
finite number of isolated points. 
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deduced by making asymptotic flatness assumptions only on Eq, see [1], [2]. The assump- 
tion (1.5) can be replaced, at the expense of some additional work in section 8, by a 
suitable regularity assumption on the space of orbits of T. The nan- expanding condition 
in SBS can be derived using the area theorem, see [18], [15]. The regular bifurcate struc- 
ture of the horizon, assumed in SBS, is connected to the more primitive assumption of 
non-degeneracy of the horizon, see [29]. 

Remark 1.2. Assumption (1.7) is consistent with the natural condition < a < M 
satisfied by the two parameters of the Kerr family. The key technical assumption in 
this paper is the identity (1.6), which is assumed to hold on the bifurcate sphere So- This 
assumption is made in order to insure that the corresponding Mars-Simon tensor vanishes 
on 7i~ U7i+. We emphasize, however, that we do not make any technical assumptions 
in the open set E itself; the identity (1.6) is only assumed to hold on the bifurcate sphere 
Sq, which is a codimension 2 set, while the inequality (1.7) is only assumed at one point 
of So- We hope to further relax these technical conditions and interpret them as part of 
the "regularity" assumptions on the black hole in future work. 

Remark 1.3. In Boyer-Lindquist coordinates the Kerr metric takes the form, 
p^A E2(sin^)2/ 2aMr \2 p2 



-{dty+ ^ ^ > (d^-^^dt) +f^{drf + p\de)\ (1.8) 



5]2 V / ■ p2 

where, 

p2 = ^2 ^ ^2 ^Qg2 A = + - 2Mr, = (r^ + a^)^^ + 2Mra^(sin 1 



On the horizon we have r = r_|_ := M + V M2 — a"^ and A = 0. The domain of outer 
communication E is given by r > r^. One can show that the complex Ernst potential a 
and the complex scalar are given by 

2M 9 4M2 , , 

= 1 ■■ =-7 ■■ 7^- 1-9 

r -\-ia cosB [r -\- lacosB)^ 

Thus, 

-AM^T^ = (l-a)^ (1.10) 

everywhere in the exterior region. Writing y -\- iz := {1 — a)~^ we observe that, 

r r I 1 
^ 2M - 2M 2 
everywhere in the exterior region. 

Main Theorem. Under the assumptions AF, SBS, and T the domain of outer com- 
munication E 0/ M is locally isometric to the domain of outer communication of a Kerr 
space-time with mass M and < a < M. 

As mentioned earlier, the basic idea of the proof is to show that the Mars-Simon tensor 
is well-defined and vanishes in the entire domain of outer communication, by relying on 
Carleman type estimates. We provide below a more detailed outline of the proof. 
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In section 3, we prove a sufficiently general geometric Carleman inequality, Proposition 
3.3, with weights that satisfy suitable conditional pseudo-convexity assumptions. This 
Carleman inequality is applied in section 6 to prove Proposition 6.1 and section 8 to 
prove Proposition 8.5. 

In section 4 we define, in a simply connected neighborhood M of So H E, the Killing 
form Taf5 and the Ernst potential a. We then introduce the Mars-Simon tensor, see [25] , 

Sal3iJ.v — T^aPfiv "I" 6(1 — (j) ^ (J^a/S^i^u — {^/'^)^'^1al3iJ.v) 

as a self-dual Weyl tensor, which is well defined and smooth in the open set 

No = {x e M : 1 - a{x) 0}. 

It is important to observe that No contains a neighborhood of the bifurcate sphere 5*0, 
since "Ra — — T^T^, which is nonpositive on 5*0. In particular, the Mars-Simon tensor is 
well defined in a neighborhood of Sq. The main result of the section, stated in Theorem 
4.5, is the identity 

^"S,^,, = J{SU, = -6(1 - a)-^T^S^,,s{J'J'5l5i - (2/3)^^%"^,), (1.11) 

which shows that S verifies a divergence equation with a source term J{S) proportional 
to S. It is then straightforward to deduce, see Theorem 4.7, that S verifies a covariant 
wave equation with a source proportional to S and first derivatives of S. 

In section 5 we show that S vanishes on the horizon 5(J-(M(''"'^))) U 5(J+(M(^''''))), 
in a neighborhood of the bifurcate sphere 5*0. The proof depends on special properties 
of the horizon, such as the vanishing of the null second fundamental forms and certain 
null curvature components, and the divergence equation (1.11). The proof also depends 
on the main technical assumption (1.6) to show that the component p{S) vanishes on Sq 
(this is the only place where this technical assumption is used) . 

In section 6 we show that S vanishes in a full space-time neighborhood fl E of 
5*0 in E, see Proposition 6.1. For this we derive the Carleman inequality of Lemma 6.2, 
as a consequence of the more general Proposition 3.3. The weight function used in this 
Carleman inequality is constructed with the help of two optical functions ii+ and 
defined in a space-time neighborhood of Sq. We then apply this Carleman inequality to 
the covariant wave equation verified by iS, to prove Proposition 6.1. 

Once we have regions of space-time in which S vanishes we can rely on some of the 
remarkable computations of Mars [25] . In section 7 we work in an open set N C Nq (thus 
1 - cr 7^ in N), 5'o C N, with the property that 5 = in N n E and N fl E is connected. 
Such sets exist, in view of the main result of section 6. Following Mars [25], we define the 
real functions y and ^ in N by 



y + iz ^ {I — a) 
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see Remark 1.3 for explicit formulas in the Kerr spaces. The function y satisfies the 
important identity (7.19), found by Mars, 

in N n E, where B e [0, oo) is a constant which has the additional property that < B 
in N n E (in the Kerr space B = a^/(4Af^)). Wc then use this identity and the fact that 
3fJ(l — cr) = 1 + g(T, T) to prove the key bound on the coordinate norm of the gradient 

< C in NnE, (1.13) 

with a uniform constant C (see Proposition 7.2). This bound, together with z'^ < B, 
shows that the function l — a= {y + iz)~^ cannot vanish in a neighborhood of the closure 
of NnE, as long as 5 = in NnE and NflE is connected. This observation is important 
in section 8, as part of the bootstrap argument, to show that 1 — a 7^ in Sq fl E. Finally, 
in Lemma 7.3 we work in a canonical complex null tetrad and compute the Hessian D^y 
in terms of the functions y and z, and the connection coefficient C,. 

In section 8 we use a bootstrap argument to complete the proof of the Main Theorem. 
Our main goal is to show that 1 — cr 7^ and 5 = in Eq H E. We start by showing that 
y = yso is constant on the bifurcate sphere Sq, and use (1.12) to show that y^^—yso+B = 0; 
using (1.7) it follows that B e [0, 1/4) and yso £ (1/2, 1]- We use then the wave equation 

D-D y = ^^-^ 

which is a consequence of 5 = 0, and the fact that yso > 1/2, to show that y must 
increase in a small neighborhood fl E. Wc can then start our bootstrap argument: for 
R > yso let Ur denote the unique connected component of the set {x E T,o HE : a{x) ^ 
1 and y{x) < R} whose closure in Eq contains -S'o. We need to show, by induction over R, 
that 5 = in Ur for any R > yso', assuming this, it would follow from (1.13) that cr 7^ 1 
in So n E and URyy^^U^ = So fl E, which would complete the proof of the Main Theorem. 
The key inductive step in proving that 5 = in Ur is to show that if Xq is a point on 
the boundary of Ur in Sq H E, and if <S = in Ur, then <S = in a neighborhood of Xq 
(see Proposition 8.5). For this we use a second Carleman inequality. Lemma 8.6, with 
a weight that depends on the function y. To prove this second Carleman estimate we 
use the general Carleman estimate Proposition 3.3 and the remarkable pseudo-convexity 
properties of the Hessian of the function y computed in Lemma 7.3. 

We would hke to thank P. Chrusciel, M. Dafermos, J. Isenberg, M. Mars and R. Wald 
for helpful conversations connected to our work. We would also like to thank the referees 
for very helpful comments, particularly on section 3. 

2. Geometric preliminaries 



2.1. Optical functions. We define two optical functions U-,u+ in a neighborhood of 
the bifurcate sphere Sq, included in the neighborhood O of hypothesis SBS. Choose a 
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smooth future-past directed null pair (L+,L_) along 5*0 (i.e. L+ is future oriented while 
L_ is past oriented), 

g(L_,L_) = g(L+,L+) = 0, g(L+,To) = -1, g(L+,L_) = 1. (2.1) 

We extend L_|_ (resp. L_) along the null geodesic generators of 7i+ (resp. 7i~) by parallel 
transport, i.e. Dl_^L+ = (resp. Dl_L_ = 0). We define the function U- (resp. u+) 
along (resp. Ti.^) by setting u_ = = on the bifurcate sphere 5*0 and solving 
Lj^(u ) = 1 (resp. L_(-u+) = 1). Let Su_ (resp. iS'„_) be the level surfaces of m_ (resp. 
M+) along 7i~^ (resp. Tt~). We define L_ at every point of Ti"*" (resp. L+ at every point 
of Ti") as the unique, past directed (resp. future directed), null vector-field orthogonal to 
the surface Su_ (resp. Su+) passing through that point and such that g(i^+, L^) = 1. We 
now define the null hypersurface 7i„_ to be the congruence of null geodesies initiating on 
Su_ C Ti^ in the direction of L_. Similarly we define 'Hu+ to be the congruence of null 
geodesies initiating on S^j^ C in the direction of L+. Both congruences are well defined 
in a sufficiently small neighborhood O of -S'o in M. The null hypersurfaces 1-Lu_ (resp. 
l~Lu+) are the level sets of a function u_ (resp «+) vanishing on 7i~ (resp. Ti.'^). Moreover 
we can arrange that both are positive in the domain of outer communication E. 

By construction they are both null optical functions, i.e. 

g^'d^u+d,u^ = g^^'d^u.d.u. = 0. (2.2) 

We define 

In view of our construction we have, 

u+\n+ = u-\n- = 0, ^\n+uH- = 1 

Let 

L+ = g^^d^u+d,, L_ = g^'-d^u.d,. (2.5) 

We have, 

g(L+,L+)=g(L_,L_) = 0, g(L+,L_) = a 

Define the sets, 

Oe — {x & O : \u-\ < e, \u+\ < e}. 
For sufficiently small eo > we have, 

inO,„, a; CO. (2.6) 

We also have, for e < eo, n E = {0 < < e, < < e}. If is a smooth function 
in Of, vanishing on 7i~^ n Og, one can show that there exists a smooth function 4>' defined 
on Oe such that, 

(f) ^ u+ ■ (f)' on O,. (2.7) 



(2.3) 
(2.4) 
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Similarly, if is a smooth function in Oe, vanishing on Ti^ nO^, then there exists another 
smooth function 0' defined on Og such that, 

= 0' on O,. (2.8) 

2.2. Quantitative bounds. Using the hypothesis (1.5) we may assume that for every 
< e < eo there is a sufficiently large constant such that, 

|g(T,To)| >l7\ VxG (SonE)\Oe. (2.9) 

In view of the normalization (2.1) we may assume (after possibly decreasing the value of 
eo) that, for some constant ^40, 

u+/u_ + u_/u+ < Ao on 0,„ n E n Eq. (2.10) 

We construct a system of coordinates which cover a neighborhood of the space-like 
hypersurface Eq. For any R e (0, 1] let Br = {x e : \x\ < R} denote the open ball 
of radius i? in M^. In view of the asymptotic flatness assumption AF, there is a constant 
Aq E [eQ"'^,oo) such that (2.10) holds and, in addition, for any xq G Eq H E there is an 
open set Bi{xo) C M containing xo and a smooth coordinate chart : Bi — > Bi{xo), 
$^°(0) = Xq, with the property that 

6 4 

sup _ sup ^ ^ (|9ai . . . dajgp-y(x)\ + \da, ■ ■ ■ d^^g'^'^ (x)\) < Aq; 

a;oeSonE a;ei3i(a;o) ai,...,a^.,/3,7=l 
6 4 

sup _ sup J] Yl • • • 9»jT'^i^)\ < ^0- 

We may assume that Bi{xo) C Ogg if xq G 5*0. We define M to be the union of the balls 
Bi{xo) over all points G Eq n E. We can arrange such that M is simply connected. 
Since 5*0 is compact, we may assume (after possibly increasing the value of Aq) that 

6 4 4 

sup sup ^ \dai . . . dajU±{x)\ + {J2\9-u±{x)\)-'] <Ao. (2.12) 

Finally, we may also assume, in view of (1.7), that there is a point xq G 5*0 such that, 

U{{l-a{xo))-')>l + A^\ (2.13) 
To summarize, we fixed constants eo and Aq > Cq ^ such that (2.10)-(2.13) hold. 

3. Unique continuation and Carleman inequalities 

3.1. General considerations. As explained in section 1 our proof of the Main Theorem 
is based on a global, unique continuation strategy applied to equation (1.3). We say that 
a linear differential operator L, in a domain Q C M"^, satisfies the unique continuation 
property with respect to a smooth, oriented, hypersurface E C Jl, if any smooth solution of 
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Lcj) = which vanishes on one side of S must in fact vanish in a small neighborhood of S. 
Such a property depends, of course, on the interplay between the properties of the operator 
L and the hypcrsurfacc S. A classical result of Hormander, see for example Chapter 28 
in [19], provides sufficient conditions for a scalar linear equation which guarantee that the 
unique continuation property holds. In the particular case of the scalar wave equation, 
□g0 = 0, and a non-characteristic surface E, defined by the equation h — 0, ^ 0, 
Hormander's pseudo-convexity condition takes the simple form, 

T>^h(X, X)<0 if g(X, X) = g(X, T>h) = (3.1) 

at all points on the surface E, where we assume that (p is known to vanish on the side of 
E corresponding to h < 0. 

In our situation, we plan to apply the general philosophy of unique continuation to the 
covariant wave equation (see Theorem 4.7), 

D^S = A*S + 8*1)3, (3.2) 

verified by the Mars-Simon tensor S, sec Definition 4.3. We prove in section 5, using 
the main technical assumption (1.6), that S vanishes on the horizon 7i~^ U 7i~ and we 
would like to prove, by unique continuation, that S vanishes in the entire domain of outer 
communication. In implementing such a strategy one encounters the following difficulties: 

(1) Equation (3.2) is tensorial, rather than scalar. 

(2) The horizon Ti"*" U 7i~ is characteristic and non smooth in a neighborhood of the 
bifurcate sphere. 

(3) Though one can show that an appropriate variant of Hormander's pseudo-convexity 
condition holds true along the horizon, in a neighborhood of the bifurcate sphere, 
we have no guarantee that such condition continue to be true slightly away from 
the horizon, within the ergosphere region of the stationary space-time where T is 
space-hke. 

Problem (1) is not very serious; we can effectively reduce (3.2) to a system of scalar 
equations, diagonal with respect to the principal symbol. Problem (2) can be dealt with by 
an adaptation of Hormander's pseudo-convexity condition. We note however that such an 
adaptation is necessary since, given our simple vanishing condition of S along the horizon, 
we cannot directly apply Hormander's result in [19]. Problem (3) is by far the most serious. 
Indeed, even in the case when g is a Kerr metric (1.8), one can show that there exist null 
geodesies trapped within the ergosphere region m + \/m? — o? < r < m + \/ m? — o? cos^ 9. 
Indeed surfaces of the form rA = m(r^ — a^)^/^, which intersect the ergosphere for a 
sufficiently close to m, are known to contain such null geodesies, see [6]. One can show 
that the presence of trapped null geodesies invalidates Hormander's pseudo-convexity 
condition. Thus, even in the case of the scalar wave equation Dg^ = in such a Kerr 
metric, one cannot guarantee, by a classical unique continuation argument (in the absence 
of additional conditions) that vanishes beyond a small neighborhood of the horizon. 

In order to overcome this difficulty we exploit the geometric nature of our problem and 
make use of the invariance of S with respect to T, Thus the tensor S satisfies, in addition 
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to (3.2), the identity 



CtS = 0. 



(3.3) 



Observe that (3.3) can, in principle, transform (3.2) into a much simpler elliptic problem, 
in any domain which lies strictly outside the ergosphere (where T is strictly time- like). 
Unfortunately this possible strategy is not available to us since, as we have remarked 
above, wc cannot hope to extend the vanishing of S, by a simple analogue of Hormander's 
pseudo-convexity condition, beyond the first trapped null geodesies. 

Our solution is to extend Hormander's classical pseudo-convexity condition (3.1) to one 
which takes into account both equations (3.2) and (3.3). These considerations lead to the 
following qualitative, T-conditional, pseudo-convexity condition. 



In a first approximation one can show that this condition can be verified in all Kerr spaces 
a e [0, m), for the simple function h — r (see [20]), where r is one of the Boyer-Lindquist 
coordinates. Thus (3.4) is a good substitute for the more general condition (3.1). The 
fact that the two geometric identities (3.2) and (3.3) cooperate exactly in the right way, 
via (3.4), thus allowing us to compensate for both the failure of condition (3.1) as well as 
the failure of the vector field T to be time-like in the ergoregion, seems to us to be a very 
remarkable property of the Kerr spaces. In the next subsection we give a quantitative 
version of the condition and derive a Carleman estimate of sufficient generality to cover 
all our needs. 

3.2. A Carleman estimate of sufficient generality. Unique continuation properties 
are often proved using Carleman inequalities. In this subsection we prove a sufficiently 
general Carleman inequality. Proposition 3.3, under a quantitative conditional pseudo- 
convexity assumption. This general Carleman inequality is used in section 6 to show that 
S vanishes in a small neighborhood of the bifurcate sphere Sq in E, and then in section 8 
to prove that S vanishes in the entire exterior domain. The two apphcations are genuinely 
different, since, in particular, the horizon is a bifurcate surface which is not smooth and 
the weights needed in this case have to be "singular" in an appropriate sense. In order 
to be able to cover both applications and prove unique continuation in a quantitative 
sense, which is important especially in section 8, we work with a more technical notion of 
conditional pseudo-convexity than (3.4), see Definition 3.1 below. 

Assume, as in the previous section, that G Sq fl E and : Bi Bi{xq) is the 
corresponding coordinate chart. For simplicity of notation, let Br = Br{xo). For any 
smooth function : 5 — C, where B C Bi is an open set, and j = 0, 1, . . . let 



T{h) = 0; 
T>'^h{X,X) < 



if 



g{X,X) = g{X,-Dh) = g{T,X) = 0. 



(3.4) 



4 



\D^cP{x)\= Yl \da,...da,m\. 



ai,...,aj=l 
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Assume that V = V^^da is a vector-field on Bi with the property that 

4 4 

sup J^J^IZ^V'^I <^o. (3.5) 
In our apphcations, V — or V — T. 

Definition 3.1. A family of weights : B^w — > e e (0, ei), ei < A^^ , will he called 
V -conditional pseudo-convex if for any e e (0, ei) 

4 

h,{xo) = e, sup ^e^|L'^7i,(x)| < e/ei, |l^(/ie)(xo)| < (3.6) 

D"/i,(a;o)D'5/i,(xo)(D„/i,D^/i, - eD„D/3/i,)(a;o) > e?, (3.7) 
an(i i/iere is E [— e^"^, ej"^] S'wc/i ^/ia^ for all vectors X — X"da € Txq{M.) 

< X^X^iix^^p - D,D^/i,)(xo) + e-2(|X-K(xo)|' + \X-Tt^K{xo)\^). 
A function : B^io — > R be called a negligible perturbation if 

sup \D^e,{x)\<e^^ /or j = 0, . . . , 4. (3.9) 

Renicirk 3.2. One can see that the technical conditions (3.6), (3.7), and (3.8) are related 
to the qualitative condition (3.4), at least when = h + e for some smooth function h. 
The assumption \V{he){xo)\ < is a quantitative version ofV{h) = 0. The assumption 
(3.7) is a quantitative version of the non- characteristic condition D"/iD„/i ^ 0. The 
assumption (3.8) is a quantitative version of the inequality in the second line of (3.4), in 
view of the large factor e'"^ on the terms |X"V^(xo)P and \X°''Da.he{xQ)\'^ , and the freedom 
to choose IX in a large range. 

It is important that the Carleman estimates we prove are stable under small perturba- 
tions of the weight, in order to be able to use them to prove unique continuation. We 
quantify this stability in (3.9). 

We observe that if {/ig}eg(o,ei) is a ^-conditional pseudo-convex family, and is a 
negligible perturbation for any e e (0, ei] , then 

he + eeE [e/2,2e] in B^w. 

The pseudo-convexity conditions of Definition 3.1 are probably not as general as possible, 
but are suitable for our applications both in section 6, with "singular" weights he, and 
section 8, with "smooth" weights h^. Wc also note that it is important to our goal to 
prove a global result (see section 8), to be able to track quantitatively the size of the 
support of the functions for which Carleman estimates can be applied; in our notation, 
this size depends only on the parameter ei in Definition 3.1. 
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Proposition 3.3. Assume xq,V are as above, ei < Aq^ , {/ie}ee(o,ei) is a V -conditional 
pseudo-convex family, and is a negligible perturbation for any e e (0, ei]. Then there 
is e & (0, ei) sufficiently small and Cg sufficiently large such that for any A > and any 
<t> e Co°°(S,io) 

A||e-^^^0|U2 + Ile-^^^IL'VI lU^ < C,A-V2||e-^^ Dg^H^, + e-6||e-^^^y(0)|U2, (3.10) 
where = + e^) . 

Proof of Proposition 3.3. As mentioned earlier, many Carleman estimates such as (3.10) 
are known, for the particular case when F = 0, in more general settings. The optimal 
proof, see chapter 28 of [19], is based on the Fefferman-Phong inequality. Here we provide 
a self-contained, elementary, proof which, though not optimal, it is perfectly adequate to 
our needs. _ 

We will use the notation C to denote various constants in [1, oo) that may depend only 
on the constant e\. We will use the notation Cg to denote various constants in [1, oo) that 
may depend only on e. We emphasize that these constants do not depend on the (very 
large) parameter A or the function in (6.8). The value of e will be fixed at the end of 
the proof and depends only on ei. We divide the proof into several steps. 

Step 1. Clearly, we may assume that (f) is real- valued. Let = e'^^^cf) G C^{B^w). In 
terms of ip, inequality (3.10) takes the form, 

XU\\l2 + \\e-^f^\D\e''H)\ < C^X-^/^e'^f^ n^(e''H)\\L^ + e-^e-^f^V{e^H)\\L^■ 
{3.11) 

We reduce the proof of (3.11) by a sequence of steps. We claim first that for (3.11) to 
hold true, it suffices to prove that there exist e <^ 1 and ^ 1 such that 

AIIV'IU^ + II \D'^\ ||l2 < aA-V2||e-^/^ D^{e^H)\\L^ + Se-^\\V{iP)\\L2, (3.12) 

for any X > and any ip e Cq^{B^io). Indeed, using (3.6) and (3.9) (thus \V{h^ + 
ee)(a;)| < Ce^ ioi x E B^w), the observation h^-\- e^ e [e/2, 2e] in B^w, and the definition 
/e = ln(/ie + Cg), we have 

e-^^D^{e^f^'il))\ < |L»V| +5e-^A|V'|; 
|e-A/.y(e^/.^) - y(V')| < Ce^A|V'|. 
Thus, assuming (3.12), we deduce, 

AIIV^IU^ + ||e-^^^| ^^(e^^^V^)! < XmL2 + |||DV| IIl^ + ^e-^H^IU^ 

< (1 + Ce-'){C,X-'/'\\e-'-f^ □g(e^^'^)|U. + 8e-'\\VmL'^) 

< (1 + Ce-')[CA-'/^\\e-^f^ □g(e^/^7/>)||i2 + 8e-^||e-^^^l^(e^^'^)|U2 + 8Ce^X\\i;\\L2] 

< C,A-V2||e-^/^ □g(e^-^^V')IU2 + 5e-5||e-^-^^ne^^^V')||L2 + ^e^AllV'IU^ 
and the inequahty (3.11) follows for e <S C~^. 
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Step 2. We write 

with := Dg + 2AD°(/,)D„ + A2D„(/,)D°(/,), and show that (3.12) follows from, 

XUWl^ + II pVl IIl^ < C,A-V2||L,^||^, + 4e-iV^(V^)|U2 (3.14) 
for any A > (7^ and any if) e Cq^{B^w). Indeed, 

\\e-^f^^^{e^f^^|;)U. > \\L,^|;\\L^ - X\\n^(fML^ 
Observe that, according to (3.6), we have |ng(/e)| < on B^w. Thus, if (3.14) holds, 
AII^IU^ + II I^VI IIl^ < aA-^/^(||e-^^^ D^{e'H)\\L'^ + A||ng(/.)^|UO + 4e-i\/(^)|U. 

< C^-'/^e-'f^ n^{e'H)\\L. + C^A^lV^IU. + 46-^||l-(^)|U. 

or, 

(A - C'^X'/'mi^. + II IZ^VI I|l=^ < aA-V2||e-^/^ □g(e'^'^)||L^ + 4e-^||\/(^) lU^ 

from which we easily derive (3.12), by redefining the constant Cg and taking A sufficiently 
large relative to Cg. 

Step 3. We write in the form, 

L, = □g + 2Al^ + A2G' 

W - D"(/,)D„, G' = D„(/,)D-(/,). (3.15) 

We observe that inequality (3.14) follows as a consequence of the following statement: 
there exist e < 1, /^i e [-e~^/^, e"^/^], and Cg > 1 such that 

2Ae-^||1/(V^)||i2 + / L,ij ■ {2XW{ip) -2Xwip)diJ 

Jb^.o (3.16) 

> cr'wxwii:) - xwi^wi. + x'uwl. + All iz^Vl lli^, 

for any A > Cg and any ip e C^{B^io), where 

w = fii-il/2)nj,. (3.17) 

The reason for choosing w of this form will become clear in Step 6. Assuming that (3.16) 
holds true and denoting by RHS the right-hand side of that inequality, we have 

RHS < f Cl/^L,iP ■ C-^/\2XW{iP) - 2XwiP) d// + 2Ae-^ 111^(^^)1112 
< C;'\\XW{ij) - Xwij\\l, + ailLg^lli^ + 2Xe-'\\VW\\l,. 

Hgiicc 

Al^lli. + All |I)V| Hi. < C^elll^.^lli. + 2A6-lV^(^)||i2 
from which (3.14) follows easily. 
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Step 4. We claim now that inequality (3.16) is a consequence of the inequality 



2Xe-^\\V{'ijj)\\l,+ / (Ogilj + X''Gijj) ■{2XW{'ij;)-2Xwi;) di^ + 2X^W {11^)111, 

Jb^,o (3.18) 

>2A-^||^||i.+2A|||Z}Vllli- 
To prove that (3.18) implies (3.16) we write 

= agtjj + X'^G-ip+ {XW{tP) - Xwip) + (AVF(V^) + AwV^), 
Thus, assuming (3.18), 

2Ae-^||1/(^)||i2 + f L,'4)-{2XW{ip)-2Xwi))dii 
= 2Ae-^||y(V')||i2 + / (□gV' + X^Gi^) ■ {2XW{ij) - 2Xwi;) dn 

+ 2\\xw{ij) - Xw^jWI, + 2X\\\w{ij)\\l, - Ik^lliO 

> 2A^||V'||i2 + 2A|| pVl 11^2 + 2\\XW{iP) - XwtPWl, - 2X^wilj\\l, 

> 2\\XW{^|;) - Xw^|J\\l, + A^V'lli^ + 2A|| 

if (7e is sufficiently large and A > which gives (3.16). In the last inequahty we use the 

bound \w\ < Ce-^ (see (3.17)) thus 2A=^||V'||i2 - 2X'^\\wiIj\\1^ > X^i/jWI^ for A sufficiently 
large. 

Step 5. Let Qap denote the enery-momentum tensor of Dg, i.e. 

Direct computations show that 

□g^/; • {2W{ilj) - 2wip) = D"(2iy^g«/3 - 2^^ ■ + D^w ■ ip^) 

- 2D"VF^ • Qaf3 + 2wD> • D^V^ - DgW • ^^'"^^^ 

and 

• (2W^(V') - 2«;V) = D"(V'^G • W^) - xjj\2wG + W{G) + G ■ B^Wa). (3.20) 
Since t/j e C^{B^io) we integrate by parts to conclude that 

/ (Dg^ + A^G • ip) ■ i2W{'4j) - 2w^) dii= f 2wD> • T)^^ - 2D"iy^ ■ Q^p d^ 

+ X^ I ^^{-2wG - W{G) - G ■ B'^Wa - X-^Dgw)dix. 

Thus, after dividing by A, for (3.18) it suffices to prove that the pointwise bounds 

|L>Vr < e-^\Vm^ + A|iy(V')r + (^^D^V • D,V' - D^iy^ • Q^^), (3.21) 
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and 

2 < -2wG - W{G) - G ■ D"Wa - X'^U^w, (3.22) 

hold on Sgio. 

Step 6. Recall that w ^ Hi - {l/2)nj^, W = D°(/,) and G = D„(/,)D°(/,). 
Observe that 

and 

-2wG - W{G) - a ■ D"l^„ = -Gi2w + DJ,) - 2D"/,D^/, • D,D^/,. 
Thus (3.21) and (3.22) are equivalent to the pointwise inequalities 

I^Vr < e-'\V{^|;)\^ + X\UJ, ■ + (D"V^ • D^V^)(/.ig,^ - D,D^/,), (3.23) 

and 

1 < - D^/.D'^/, ■ D„D^/, + (l/4)A-^nJ(/,) (3.24) 

on -Beio, for some e -C 1 and A sufficiently large. 

Let — he + and — 'D°'hJI>ahe- We use now the definition = Inh^. Since 
he e [e/2, 2e], for (3.23) and (3.24) it suffices to prove that there are constants e ^ 1 and 
Hi e [— e~^/^, e~^/^] such that the pointwise bounds 

|L>Vr < e-'\V{tlj)\' + e-«|D J, • D^V'!' + (D"V' • D^V)(/^iga/3 - /^r'D.D^^,), (3.25) 
and 

2 < - /i7^D°/i,D^/i,D„D^/i, - hffXiHe (3.26) 

hold on B^w for any ■?/' G C^{Beio). Indeed, the bound (3.23) follows from (3.25) if 
A > 2€-\ The bound (3.24) follows from (3.26) if \X-^Dl{fe)\ < 1, which holds true if 

A > Ce-\ 

Step 7. Wc prove now that the bound (3.26) holds for any Hi e [— e~^/^, e~^/^]. We 
start from the assumption (3.7) 

D"/t,(a;o)D'5/i,(a;o)(D„/i,D^/i, - eD„D^/i,)(a;o) > ej. 

For X e -Bgio let 

K{x) = B'^he{x)'D^he{x){'De,he'Df3he - K ■ D^D^/i,) (x) . 

It follows from the second bound in (3.6) that \D^K{x)\ < Ce~^, thus, since e = he{xQ), 
K{x) > el/2 for any x e 5gio if e is sufficiently small. 
Let 

K{x) = T>'^he{x)'D^he{x){'Dahe'Dphe - he ■ T)e,'Dphe){x). 

It follows from the assumption (3.9) on and the assumption (3.6) that \K{x) —K{x)\ < 
Ce, thus K{x) > el /A on Sgio, provided that e is sufficiently small. By multiplying with 
/i^^ we have 

K^el/A < h-^k{x) = K'^Hl - he^B^'he'D^he ■ ^oDphe 
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on B^io. The bound (3.26) follows for e small enough since h^{x) e [e/2,2e] on B^io and 

Step 8. We prove now the bound (3.25). We start from the assumption (3.8) 

el[{X^f + {X-f + {X'f + {X'f] 

< X"X^(/ig«^ - D«D^/i,)(xo) + e-2(|X"K„(a;o)|' + |X"D«/i,(a;o)|'), 
for some jji G [—ti^, ^i^] and all vectors X = X^da G Tj:g(M). Let 

We work in the local frame di, 82, d^, 84. In view of (3.6), 

\D'K^(3{x)\<Ce-' 

for any a, P — 1,2,3,4: and x e B^io. It follows from (3.27) and e~^h^{xo) — 1 that 
4 

J2 X^X'^K^f.^x) > {el/2)[{X'y + {Xy + {X^f + {X^] (3.28) 
for any x G B^w and {X^ , X'^ , X^ , X'^) G M^, provided that e is sufficiently small. Let 

and observe that, in view of (3.9) and (3.6), \Kaji{x) — KoLfi{x)\ < Ce^ for any a,(5 — 
1, 2, 3, 4 and a; G B^w. Thus, using (3.28), if e is sufficiently small then 
4 

J] M^X„^(:r) > (e?/4)[(X^)2 + {X^f + (X^^)^ + [X^] 

for any x G B,io and (X^ X^, X^, X^) G We multiply this by hj^ G 26'^] and 
use the definition of K^is to conclude that 

4 44 

^ X-X^(/xe-^g,,^ - h:'-D^Dph,) + 2e-3| 2^X"K«r + 2e-3| X"D,/i,f 

a,/3=l a=l a=l 

> K\4/Mx'y + {x'y + (x3)2 + (x^)2]. 

The bound (3.25) follows for e sufficiently small, with /ii — iie~^ G [— (eei)~^, (eei)~^]. 
This completes the proof of the proposition. □ 

4. The Mars- Simon tensor S 

4.1. Preliminaries. Assume (N, g) is a smooth vacuum Einstein spacetime of dimension 
4. Given an antisymmetric 2-form, real or complex valued, Ga/s — —G^a we define its 
Hodge dual. 



T^.QJ' + T^.Q;' = -z^uT^iiQ'^^. (4.2) 
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Observe that *( *G) = —G. This follows easily from the identity, 

Given 2 such forms F, G we have the identity 

F^,G/ - ( *F),,( = \^,.F^pG^P (4.1) 

which follows easily from the identity 

An antisymmetric 2-form is called self-dual if, 

It follows easily form (4.1) that if Q are two self-dual 2-forms then 

1 

We also have, for any self-dual 

T^{^T)J' = T,,{^T); (4.3) 

where denotes the real part of T . 

A tensor W e T4(N) will be called partially antisymmetric if 

W^^^^ = -W;3aM<^ = -Wo^p^^. (4.4) 

Given such a tensor-field we define its Hodge dual 

1 

As before, *( *W) = —W for any partially antisymmetric tensor W. A complex par- 
tially antisymmetric tensor U of rank 4 is called self-dual if *14 = {—i)l4. The following 
extension of identity (4.2) holds for such tensors, 

^l/^afSua + ^J^Uajitxa — -^iiv^ Uafj-yS- (4-5) 

A partially antisymmetric tensor of rank 4 is called a Weyl field if 

W^ya^^^ = Wap^^ + Wai^uf) + Wauf^i, = 0; (4.6) 

g^'-W^p^.u = 0. 

It is well-known that if is a Weyl field then *iy is also a Weyl field. In particular 

*W^f,^. = *W^.^p = I e,/'^ W^.,,. (4.7) 
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The Riemann curvature tensor R of an Einstein vacuum spacetime provides an example 
of a Weyl field. Moreover R verifies the Bianchi identities, 

In this paper we will have to consider Wcyl fields W which verify equations of the form 

^''Wa^^s^ Jpys (4.8) 
for some Weyl current J e T^(N). It follows from (4.8) that 

The following proposition follows immediately from definitions and (4.7). 
Proposition 4.1. If W is a Weyl field and (4.8) is satisfied then 

'D[aWjS]al3 =^^aj5 *J^at3- (4-10) 

4.2. Killing vector-fields and the Ernst potential. We assume now that T is a 
Killing vector-field on N, i.e. 

D„T^ + D^T, = (4.11) 

We define the 2-form, 

Fap — 'DaTp 
and recall that F verifies the Ricci identity 

^^lFa/3 = T'^Ri.^a/s, (4-12) 

with R the curvature tensor of the spacetime. In view of the first Bianchi identity for R 
we infer that, 

D[^F„^] = B^Fa^ + BaFp^ + D^F^« = 0. (4.13) 
Also, since we are in an Einstein vacuum spacetime, 

Bl'F^p = 0. (4.14) 
We now define the complex valued 2-form, 

^"^0 = F^^ + i*F^^. (4.15) 
Clearly, is self-dual solution of the Maxwell equations, i.e. T * = and 

D[^J^a;3] = 0, = 0. (4.16) 

We define also the Ernst 1-form associated to the KiUing vector- field T, 

= 2T".F«^ = D^(-T'^T«)-ie^^^5T'^D^T'^. (4.17) 
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It is easy to check (see, for example, [26, section 3]) that 

D^a^ - D^cT^ = 0; 

Bf^a^ = -T^- (4.18) 

Since d{afj,dx'^) = and the set M is simply connected we infer that there exists a function 

0" : M — C, called the Ernst potential, such that cr^ = D^cr, cr ^ 1 at infinity along Eq, 
and K(T = -T"T«. 

4.3. The Mars-Simon tensor. In the rest of this section we assume that N C M is an 
open set with the property that 

1-a^OinN. (4.19) 
We define the complex-valued self-dual Weyl tensor 

T^aPtiv — RaPi^u ~l~ 2^&ij,i>^ Rafjpa — Rapixv ~l~ ^ Ra^/xu- (4.20) 

We define the tensor I e T^(N), 

^aPuu = {ganSpu - gaug/dn + i &al3nu)/4:- (4.21) 

Clearly, 

-^a/SfMu — ^Paixv — -^a/Bu/j, — -^nua/S- (4.22) 

On the other hand, 

3i 

^alfS-yS] = ^ap-yS + ^a-ySp + ^aSp-y = ^ ^aP'y5 ■ (4.23) 

Using the definition (4.21) we derive 

■^aPuv — '^^ixv^ -^aPpa — ( i)'-^aPpv- (4.24) 

Thus X is a self-dual partially antisymmetric tensor. We can therefore apply (4.5) and 
(4.22) to derive 

^l^^vaaP -\- ^J^ltiaap — -^ZtivJ^^^-iSaP- (4-25) 

We observe also that 

:F>'''IaPp. = (4.26) 

Following [25], we define the tensor-field Q G T2(N), 

Qapnv = (1 — Cr)~^ {^a)3^ixu — -^^^^aptMu) ■ (4.27) 

We show now that Q is a self-dual Weyl field on N. 
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Proposition 4.2. The tensor-field Q is a self-dual Weyl field, i.e. 

Qa^fiu Q/^afiu QafSufj, 



S^-'QaP^.u = 0, 



and 

Proof of Proposition 4-2. The identities 

QaPixv Qpafj,u Qa/Bu/j, Q/xi/a/B 

follow immediately from the definition. To prove 
it suffices to check, in view of the identity (4.23), 

^ 2 

^afj^Hu + J^oiix^vfi + ^av^Pn — ^ £a/3/iz/ ■ (4.28) 

Since is a 2-form, the left-hand side of (4.28) is a 4-form on N (which has dimension 
4). Thus, for (4.28) it suffices to check 

This follows since the left-hand side of the above equation is equal to 6J^ai3 *!F'^^ — —6iJ^. 
We compute 

g^^QaPi.. = (1 - {^FafiJ^/ - ^J'' ■ g^'lap^u) = 0. 

Also 

This completes the proof of the proposition. □ 

Wc define now the Mars-Simon tensor. 

Definition 4.3. We define the self-dual Weyl field S, 

S^n + 6Q. (4.29) 

Renicirk 4.4. Since 3?(T = — T^T^ < on Sq, it follows from the definition of the constant 
Aq in section 2 that 3?(1 — a) > 1/2 in a neighborhood O^^ C M of Sq, for some €2 < eo 
that depends only on Aq. In particular, the tensor S is well defined in O^j. 



(4.31) 



(4.32) 
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4.4. A covariant wave equation for S. Our main goal now is to sliow tliat S verifies 
a covariant wave equation. We first calculate its spacetime divergence D^jSq^j^,^. Clearly, 
it suffices to calculate D'^QaPnu- Recalling the definition of the 1-form cTq = 2T''Ti,a a-nd 
using the definition (4.27) we compute 

^pQaPixu = (1 — (^y^^p^a/S ■ ^nv + (1 " Cr)~^-^a/3 • ^p^fiv 

1-12 -2 1 2 ^"^-^^^ 

— g(l — Cr) ^DpJ^^ • Xap^iu + (1 — Cr) '^OpiTafiTy^y — -J^^1al3^ii?j- 

Using (4.12), (4.26), and 7^ = 5 - 6Q, we have 

■Dp^ yi5 T T^i/p^s T 'Sup'jS 6 ■ T Qup'yS 

— —3(1 — a)~^apJ^^s + 2(1 — a)~^T^ ■ T^T^p-ys + T^Si,p^s- 

Thus, 

(1 - Cr)~^-^a/3 • Dp-^/ii/ = -3(1 - Cr)"^ • (TpTa.fi^p.v 

+ 2(1 — a)~'^T'^Totp^^X\pp,i, + J\{S)pafip.v, 
where 

J\{S)pcii3pv = (1 — cr) ^ ■ ^ ■xf^'^Sxpp^v. 

Observe that, in view of (4.31) and (4.26) 

Dp = 2TipT^i ■ T^^ = -4(1 - ay^T'^ap + Syfy^^J^^ . (4.33) 

Thus 

-^(1 - aY^VipT'' ■ XaPt^u = ^(1 - (7)-'j^' • (TpIaP^.. + J2{S)paP;,., (4-34) 

where, 

2 

^2(»5)pa/3/ii/ = "S^"*" ~ "^"^ ^ ' '^'^'^'^P7<5-^^''2^a/3/ii/- 

We combine (4.30), (4.32), and (4.34) to write 

DpQa/3/ii/ = — Cr)~^^pJ^al3 • ^p.v — '^{^ — CrY'^GpTapJ^Hv 

+ 2(1 - (7)-2jP-2j^«/3T^ • Tapm- + (1 - a)-2jP-VpT„^^, (4.35) 

+ iJl{S)pal3nu + iJ2{S)paf3ij,u- 

We are now ready to compute the divergence T)'^Q0apu- Using (4.35) and the Maxwell 
equations (4.16) we derive 



+ 2(1 - G^T'^TdT'^Xy^p^,, + (1 - (7)-2^V^X„^^,; 

J"{S)o.p.v — ^^^{J\{S)po.Pp,v ^ J2{S)po.pp,v). 



= 2(1 - a)-^T^T>^ ■ -gAa^''%a^. 
= (1 - a)-''T''TaT^ 
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Using (4.2) and the definition of (jp we derive, 

-2(1 - • GpTj'T^. = -2(1 - • 2T^J^ApJ^/J^M- 

= -2(1 - a)-' ■ 2T' . ^g,«^2 • (4.36) 

= -(1 - ayr^T^T^,. 
Using (4.25), (4.26), and the definitions, 

2(1 - a)-2^2.^/T"JA,^, + (1 - a)-2^2 • 

- 2(1 - a)-^J^\j^^PT'X^p,, + T"^/J„,^,) 

= 2(1 - ay'^J^^T^{J^a''IxptMiy + ^x'^^apiJ.u) (4.37) 

1 

2' 

Thus, using (4.36), and (4.37), we derive, 

D Qaa/j,!/ ('^)a/ii') 

with 

J"{SU, = (1 - a)-iT^5Ap,5(^/5;:5f - (2/3)^^%^,,). 

Since, according to the Bianchi identities, and the Einstein equations, we have Yy^TZp^ixv — 
we deduce the following. 

Theorem 4.5. The Mars-Simon tensor S verifies, 

^'^Saanu = J{S)aixv (4.38) 

where, 

J{SU. = -6(1 - ar'T'S,,,s{j^/S;6t - (2/3).F^X'',,) . 

As a consequence of the theorem we deduce from Proposition 4.1 and the self-duality 
of S and J', 

D[a'5^z.]a/3 = -i ^paf,u J'^a/si^)' (4.39) 

In the following calculations the precise form of J^{S) is not important, we only need to 
keep track of the fact that it is a multiple of S. 

Definition 4.6. We denote by M.{S) any k-tensor with the property that there is a smooth 
tensor-field A such that 

M{S)^„„^^ = Sp,,„p,A^-^\,...a,. (4.40) 

Similarly we denote by A4{S, DS) any k-tensor with the property that there exist smooth 
tensor-fields A and B such that 

M{S, D5)„,..„, = Sp,...p,A^^-f\,...^, + Ttp,Sp,...p,B^^-''\,„.^^. (4.41) 
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Wc state the main result of this section. 
Theorem 4.7. We have 

D^S = M{S,'DS). (4.42) 
Proof of Theorem 4-7. The result follows easily from the equations (4.38) and (4.39) 

Indeed, differentiating once more the second equation wc derive, 

Thus, after commuting covariant derivatives and using the first equation we derive, 

as desired. □ 

5. Vanishing of S on the horizon 

In this section we prove that the Mars-Simon tensor S vanishes on H'^ U VT . 

Proposition 5.1. The Mars-Simon tensor S vanishes along the horizon Ti.^ U Ti.^ . 

The rest of the section is concerned with the proof of Proposition 5.1. Recall, see 
Remark 4.4, that the tensor <S is well defined on 5*0. We will use the notation in the 
appendix. Assume A/" is a null hypersurface (in our case Af — or J\f — H~) and let 
/ G T(A/') denote a null vector-field orthogonal to A/". The Lie bracket f-'^, of any two 
vector-fields X, Y tangent to A/" is again tangent to A/" and therefore 

g(Dx/, Y) - g(Dy/, X) = -g{l, [X, Y]) = and g(D,/, X) = -g(/, D,X) = 0. 

In particular we infer that along A/" ^'^^^ vanishes identically and ^'^^x is symmetric. 

Definition 5.2. Given a null hypersurface M and I a fixed non-vanishing null vector-field 
on it we define x(Ar, F) = g(Dx/,5^), X, F G T(A/'), the null second fundamental form 
ofJ\f. We denote by trx the trace' of x with respect to the induced metric and by x the 
traceless part of x, i-^- X = X~ \ltrx, with 7 the degenerate metric on M induced by g. 

In view of the definitions (A. 13), writing m = {ei -\- ie2)/\/2, with 61,62 an arbitrary 
horizontal orthonormal frame, we deduce that, 

= (Xii + X22)/2 = trx/2 

^ = (Xii - X22)/2 + ixi2 

We now restrict our considerations to that of a non-expanding null hypersurface. In 
other words we assume that ^ = tr x/2 vanishes identically along A/". In view of the null 
structure equation (A. 21) and the vanishing of ^ = *^'*^C("^)) we deduce that \-d\'^ — 



'''The trace is well defined since x{X, I) = 7(X, Z) = for all X e T(A/'). 
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along M therefore = 0. Therefore the full null second fundamental form of M vanishes 
identically. We now consider the null structure equation (A. 19). Since vanish 
we deduce that ^(2)(/?) must vanish along jV". Similarly we deduce that vanishes 
along A/" from equation (A. 29). Finally, we consider the Bianchi equations with zero source 
J. From (A. 41) we deduce that i^^'(o) vanishes identically along M . Observe also that 
^(o)(-R) is invariant under general changes of the null pair /) which keep I orthogonal 
to M. Indeed ^(o)(i2) is always invariant under the scale transformations V — fl, If — 
f~^l. On the other hand if we keep / fixed and perform the general transformations 
y = 1 + Al + Bm + Bm we easily find that '^'^^•^{R) differs from ^'(o)(-R) by a linear 
combination of ^'(2)(i?) and ^'(i)(i?). 
We have thus proved the following. 

Proposition 5.3. Let (/, /) he a null pair in an open set N with I orthogonal to a non- 
expanding null hypersurface in M C N. Then and ^^^x vanish identically on J\f. 

Moreover the curvature components ^(2)(i?) and ^(i)(/?) (or equivalently, a{R), P{R)) 
vanish along Af and the invariant ^(o)(i?) (or equivalently p{R-\-i *R)) is constant along 
the null generators. 

We apply this proposition to the surfaces H.^ and to establish the following facts. 
Recall that n = R + i*R. 

(1) The null second fundamental form %, respectively %, vanishes identically along 
"H^, respectively Ti^ . 

(2) The null curvature components a = a{TZ) and P — P{Tl) (respectively a{Tl), 
/3(7?.)), vanish identically along Ti"*" (respectively TC~). 

(3) The null curvature component p{Tt) is invariant and constant along the null gen- 
erators of both and 7i~. 

(4) All null curvature components, except p{7l), vanish along the bifurcate sphere Sq. 
We also have x = x = on 5*0. 

Consider an adapted null frame 61,62,63 = {,64 = / in O with I tangent to the null 
generators of Ti"*" and / tangent to the null generators of Ti.^ . Thus, 

g(/,0 = g(/,/) = 0, g(/,/) = -l, g(/,e„)=g(/,6j = 0, 

g(ea, eft) = a, 6 ==1,2, ei2=e (ei, 63, 63, 64) = 1. 

We introduce the notation, 

a„(JF)=JF(e„,0, a„(^)=^(e„, i), p{T) ^ HU)- (5-1) 

Observe that the null components cXa{fF),g_^{T). p{fF) completely determine the antisym- 
metric, self-dual tensor T. Indeed, — iJ^34 — ( *J^)z4, — \ e34a& ^"''^ — \ ^ab Hence, 

^a6 = -i ea6p(^). (5.2) 

We claim that a{J^) vanishes on while a{J^) vanishes on H~., 

a{T)^0 on 7^+, a{T)^0 onTi'. (5.3) 
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Indeed since g{T, /) = on 7Y+ (see the assumption SBF) and the null second funda- 
mental form X vanishes identically on 

F{ea, I) = -g{T, BJ) = -x(T, = on n+. 

On the other hand, 

*FaA — 2 ^a4fMu F'^^ —&a4b2. — — ^a4b2. Fu — 0. 

Hence aa{T) — Toa — ^o4 + ^ *^a4 = on The proof of vanishing of a(J^) on Hr is 
similar. We infer that both ol{T^ and a(^) have to vanish along the bifurcate sphere Sq. 
We also observe, 

Since JF^ does not vanish on we infer that p[T^ cannot vanish on 5*0. 

Consider now the Mars-Simon tensor (4.29). To show that the Wcyl tensor S van- 
ishes along the 7i+ U it suffices to show that all its null components (see Appendix) 
q;(5), /3((S), p(iS), a(iS), /3(iS), relative to an arbitrary, adapted, null frame (ei, 62, i, /), van- 
ish along U HT . We first show that 

Oi[S) = (3{S) = on n+, a{S) = p{S) = on H'. (5.4) 

Indeed, 

Iil,ea,l,eb) = 0, J(e„ /,/,/) = 0, X(/, /,/,/) = -1/4. 
Therefore along 7i~^, where a{J-'), a(jV), 13 (JZ) vanish, 

a{SU = (3{S)a = 0, 

using the formula S = 71 + QQ. Similarly we infer that a{S) — P{S) = along T-C~ . 

We show now that p{S) vanishes on Sq. This is where we need the main technical 
assumption (1.6) along 5*0, 

(1 - a)^ = -AM'^T'^. 
Differentiating it along 5*0 we find, 

= D„(^2(l - a)-') = (1 - <7)-^(D„^2 + 4(1 - <7)-V„). 
On the other hand, recaUing formula (4.33) 

D^T'' + 4(1 - a)-^JP-Va = 2T^5Aa^5jn'5, 

We deduce that 

T^Sxa^isJ"^' = on So- (5.5) 

Recall T is tangent on 5*0 and can only vanish at a discrete set of points (see assumption 
SBF in subsection 1.2). Therefore, at a point where g'(T,T)^/^, does not vanish we can 
introduce an orthonormal frame ei, 62 with T = g(T, T)^/^ei. 
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We now expand the left hand side of (5.5) using (5.2) while setting the index a = 2, 

= -g(T,T)VV(^)(25l234 + ^5l2cd e^'^) =4zg(T,T)i/V(^)p(5). 

The last equahty follows from ( see (A. 12)) 

«5i234 = -ip{S), Si2cd ^ - ^cd p{S). 

Therefore, at all points of 5*0 where T does not vanish we infer that p{S) = (since p(^) 
cannot vanish on Sq, due to (1.6) and (1.7)). Since the set of such points is dense in 5*0 we 
conclude that p{S) vanishes identically on the bifurcate sphere Sq. We have thus proved 
the following. 

Proposition 5.4. The components a{S), l3{S) vanish along Ti.'^ while a{S), /3{S) vanish 
along 7i~ . In addition, if (1.6) holds then p{S) also vanishes on Sq. 

To show that p{S), P{S),a{S) vanish on 7i+ we need to use the Bianchi equations (see 
Theorem 4.5), 

T^'S^a^. = :r(5)«^. = -6(l-a)-iT^5v,5(^/5;i<5^-^^^%v). (5.6) 

Assume, without loss of generality, that the null generating vector-field / is geodesic along 
7i+, i.e. Dil = 0. Since both /3(5) = a{S) = along 7i we deduce^ directly that p{S) 
must verify the equation, 

Vip{S) = -J{S),u- (5.7) 

To deduce that p{S) vanishes identically on 7i+ it only remains to verify that that ^7 (5)434 
vanishes on Clearly 

J(5)434 = -6(1 - ar'T^Sxpjs{:F/5j5i - '^-7^%%,). 

Observe that the only choice of the index p for which the expression inside brackets does 
not vanish is p — A. Thus 

J(5)434 = -6(1 - (T)-^T^SxA-,5{:F^i8l5i + ""-T-^') 

= -6(1 - a)-iT^5M34:^34 - (1 - aY'T^SxA-ysJ''''- 

Since a(iS),/5(iS) vanish the only pair of indices 7^ for which T^Sx^^j does not vanish is 
when either of the two indices is a 3 and the other is a G {1, 2}. Since Oi{J-) — 0, it follows 
that 1/(5)434 vanishes identically as stated. Thus p{S) is constant along generators and 
vanishes on 5*0. We conclude that p{S) vanishes identically on Ti^ . 

^Alternatively we can use the null Bianchi identities of the Appendix. 
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To show that i3{S) also vanishes we derive a transport equation for it along the gen- 
erators of 7i+. In view of the vanishing of a{S), I3{S), p{S) we can directly deduce^ (see 
also Appendix) it from (5.6), 

Thus, since P{S) vanishes on 5*0, to deduce that it vanishes everywhere on we only 
need to verify that J'{S)4a3 vanishes identically on Now, 

J(5)4„3 = -6(1 - a)-'T'S,^s{J'/S26i - ^^^^''.a) 

= -6(1 - a)-lT^5A4a3^43 + 8(1 - a) -1X^5^^34^43X4^3 

+ 4(1 - ay'T'Sxt^dJ^'X",, + 8(1 - a)-iT"5A64e^'%t3- 

Since a{S), f3{S) and p{S) vanish, it follows that Sb4a3 = 5a634 = Sabcd = Sibcd = «5464c = 0, 
which gives J{S)4a3 = 0. 

To show that a{S) also vanishes on 7^+ we derive another transport equation for it. 
Since all other components of S have already been shown to vanish we easily derive, from 
(5.6), 

VLa(SU = -J(SUb- (5.8) 

Since a{S) vanishes on 5*0 it only remains to check that J^{S)a3b vanishes identically. 
This can be checked as before taking advantage of the cancellations of all the other null 
components of S. Therefore S vanishes along the entire event horizon. 

6. Vanishing of 5 in a neighborhood of the bifurcate sphere 

Let Oe — {x E O : \u-\ < e, < e} as in section 2. In this section we show that the 
tensor S vanishes in a neighborhood of the bifurcate sphere 5*0 in E. 

Proposition 6.1. There is ri — ri(Ao) > such that 

S = inOr^n E. 

The rest of this section is concerned with the proof of Proposition 6.1. Recall, see 
Remark 4.4, that the tensor S is well defined and smooth on Ogj for some 62 = £2(^0) G 
(0, eo). Recall that we have 

1 
2 

Moreover both L_,_, L_ are orthogonal to the 2-surfaces Sy,_,u+ — Ti-u- ^ 'Hu+- We choose, 
locally at any point p G Su_,u+-, an orthonormal frame {La)a=i,2 tangent to Su_,u+- Thus, 
relative to the null frame Li, L2, = L_, = L_|_ the metric g takes the form, 

gab = Sab, ga3 = ga4 = 0, O, 6 = 1, 2 
g33 = g44 = 0, g34 = Q. 



;(L±, L±) = 0, g(L+, L_) = Q > - in 0,„. 



We also refer the reader to the Appendix for the definition of the horizontal covariant derivative V;. 
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Also, for the inverse metric, 

^ab^^ab^ ga3 = ga4_0, a, 6 = 1, 2 

g33 = ^44 _ 0, g34 = 0-1. ^ 

We denote by 0(1) any quantity with absolute value uniformly bounded by a positive 
constant which depends only on Aq (in particular L^iP) = 0(1), a = 1,2,3,4). In view 
of the definitions of u± and L± we have, 

Li{u±) = L2{u±) = L_{u-) = L+{u+) =0, L_{u+) = L+{u-) = fl. (6.3) 

For e G (0, eo] we define the weight function in 0^2, 

he = e~^{u+ + e){u- + e). (6.4) 

Observe that, 

L4{he) = e~\u+ + e)n, L^{h,) ^ e'^u^ + e)VL, L„(/i,) = 0, a = 1, 2. (6.5) 
Also, using (6.3) and (6.5) 

(D2/l,)33 = 0(l), (D2/l,)44 = 0(l), 

(D2/i,)34 = e-i(]2 + o(i)^ (D2^,),fe = 0(1), a, 6 =1,2, (6.6) 
(D2/i,)3„ = 0(1), (D2/i,)4„ = 0(1), a = 1, 2. 

Assume xq G .So is a fixed point and define, using the coordinate chart : Bi 
Si(xo), A^^° :Si(xo) ^ [0,oo), 

Ar^°(a;) = |($^°)-i(a;)|2. (6.7) 
We state now the main Carleman estimate needed in the proof of Proposition 6.1. 

Lemma 6.2. There is e E (0, 62) sufficiently small and sufficiently large such that for 
any Xq G Sq, any X > C^, and any (j) G C^{B^io{xo)) 

A||e-^-^^0|U2 + ||e-^^^|L>V| lU^ < 0,A-i/'||e-^-^^ ng^lU^, (6.8) 
where = \n{h^ + e^'^N^°), see definitions (6.4) and (6.7). 

Proof of Lemma 6.2. It is clear that B^^" (xq) Q 0^2 for e sufficiently small (depending only 
on the constant Aq), thus the weight is well defined in B^w{xo). We apply Proposition 
3.3 with V = 0. It is clear that e^^A^^^ is a negligible perturbation, in the sense of (3.9), 
for e sufficiently small. It remains to prove that there is ei = ei(Ao) > such that the 
family of weights {/ie}ee(o,ei) satisfies conditions (3.6), (3.7) and (3.8). 

Let C denote constants that may depend only on Aq. The definition (6.4) easily gives 
ht{xo) = e, \D^he\ < C on B^io{xo), and \D^h^\ < Ce~^ on B^w{xo) for j = 2,3,4. Thus 
condition (3.6) is satisfied provided ei < C~^. 

Using (6.2), (6.5), (6.6), and il(xo) = 1 we compute in the frame Li, L2, L^, L4 

D'*/i,(xo)D^/i,(xo)(D«/i,D^/i, - eD«D^/i,)(xo) = 2 + eO(l) > 1 
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if ei is sufficiently small. Thus condition (3.7) is satisfied provided ei < C~^. 

1 /Q 

Assume now Y — V^La is a vector in Ta;Q(M). We fix = and compute, using 
(6.5), (6.6), and n{xo) = 1, 

4 

> (/x/2)[(ri)2 + (F^)^] + ie-'/2)[iYY + (F^)'] 

> (r^)2 + {yY + {Y'f + {Yy 

if ei is sufficiently small. We notice now that we can write Y — X°'da in the coordinate 
frame 5i,a2,93,94, and |X°| < C{\Y^\ + \Y'^\ + \Y^\ + \Y^\) for a = 1,2,3,4. Thus condition 
(3.8) is satisfied provided ei < C~^, which completes the proof of the lemma. □ 

We prove now Proposition 6.1. 

Proof of Proposition 6.1. In view of Lemma 6.2, there are constants e = ^{Aq) e (0, eo) 
and > 1 such that, for any xq E Sq, X> and any e C^{B^iq{xq)) 

A||e-^-^^0|U2 + ||e-^^^|DV| < C,A-^/'||e-^-^^ Dg^lU^, (6.9) 

where 

/, = ln(e-i(M+ + e)(M_ + e) + e^^A^^"). (6.10) 

The constant e will remain fixed in this proof. For simplicity of notation, we replace the 
constants Cg in (6.9) with C; since e is fixed, these constants may depend only on the 
constant Aq. We will show that 5 = in B^4o{xq) fl E for any xq G 5*0. This suffices to 
prove the proposition. 

We fix xq e 5*0 and, for (j'l, . . . ,j4) e {1, 2, 3, 4}"^, we define using the vector-fields da 
induced by the coordinate chart 

hh-H) =Sidj„...,dj^). (6.11) 

The functions 4>{ji...ji) '■ B^w^Xq) — > C are smooth. Let : M ^ [0, 1] denote a smooth 
function supported in [1/2, oo) and equal to 1 in [3/4, oo). For 6 G (0, 1] we define. 

Clearly, (p^'^ j^^ G C^{B^io{xo) HE). We would hke to apply the inequahty (6.9) to the 
functions 0^^^^ and then let 5 — > and A — > oo (in this order). 
Using the definition (6.12), we have 
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Using the Carleman inequality (6.9), for any (ji, . . . J4) G {1, 2, 3, 4}"^ we have 
A ■ \\e-^^' ■ 7i5,e(p(n...j,)\\L^ + \\e'^^' ■ rjs,e\D^(p{j,...j^)\ 

< CA-^/2 . ||g-A/. . ^^^^ng(f)^,,„j,)\\L2 (6.13) 



+ c 



\e ■ D,,0(,-,...,,)D"775,,||i2 + ||e ■ 0(,-,...,,)(|ng775,,| + \D%,,\)\\l^ 



for any A > C. We estimate now |ng0(j^...j4)|. Using Theorem 4.7 and the definition 
(4.41), in B^io{xo) we estimate pointwise 

Mn...M)\ <MJ2 (I^V(h.../4)l + \<P{h-M)\), (6-14) 

for some large constant M. We add inequalities (6.13) over (ji, . . . , ^4) G {1, 2, 3, 4}"^. The 
key observation is that, in view of (6.14), the first term in the right-hand side of (6.13) 
can be absorbed into the left-hand side for A sufficiently large. Thus, for any A sufficiently 
large and 5 G (0, 1], 

^ Yl ■ VS,e(l>{h...ji)\\L^ 



Jl,—,J4 



(6.15) 

We would like to let 5 — in (6.15). For this, we observe first that the functions 
Da0(ji...j4)D"?75,e and (|ng?75,e| + \D^r]s^e\) vanish outside the set U Bg, where 

= {x G B^w{xq) n E : u+{x)u^{x) G {6/2, S)}; 

In addition, since = on O,^ n [5(X-(M(^"'^))) U (5(X+(M(^"<^)))] (see section 5), it 

follows from (2.7) and (2.8) that there are smooth functions (t>\j^___j^) '■ O^^ — > C such that 

hh-H) = ■ <f>\h...H) in O,,. (6.16) 

We show now that 

Pg%e| + \D%,,\ < C(1b. + (IA)IaJ. (6.17) 

The inequality for \D^rjs^^\ follows directly from the definition (6.12). Also, using again 
the definition, 

|D"D,^5,e| < |D'^D,(1e • v{u+u_/S))\ ■ (1 - 7y(iV-Ve20)) + C(1b, + (1/5)1aJ. 
Thus, for (6.17), it suffices to prove that 

lEns -o(.o) • |D"D,(77(ii+ii_/5))| < C/5 ■ 1a,. (6.18) 
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Since u+,U-,r] are smooth functions, for (6.18) it suffices to prove that 

r^|D"(M+M_)D«(M+M_)| < C/S in A^, (6.19) 

which follows from (6.3). 
We show now that 

|D,0(,,...,,)D"^5,,| < Q,(1b, + IaJ, (6.20) 

where the constant C^/ depends on the smooth functions 4>\jj^,„j^) defined in (6.16). Using 
the formula (6.16), this follows easily from (6.19). 
It follows from (6.16), (6.17), and (6.20) that 

\'Da(j)(j,...j,)J^'^m,e\ + \(j)j,...j,\{\ngm,e\ + \D%,e\) < ^0'(1b, + IaJ- 

Since lim^^o ||1aJ|l2 = 0, we can let 5 ^ in (6.15) to conclude that 

A J2 11^"^^^ • Is io/,(xo)nE • 0Oi...i4)IU^ < C^'We-^^' ■ IbJIl^ (6.21) 

ilr--J4 

for any A sufficiently large. Finally, using the definition (6.10), we observe that 

inf e-^^^ > e-^i°[^+^''/2l > sup e-^^^ 

B^4o{xo)r\E Be 

It follows from (6.21) that 

for any A sufficiently large. We let A — > oo to conclude that 4>{ji...j4) = in B^4o{xo) fl E, 
which completes the proof of the proposition. □ 

7. Consequences of the vanishing of S 
We assume in this section that N C M is a open set, C N, N n E is connected, and 
1 - a ^ in N; ^^^^ 

Saliixv = T^al3iJ.v + 6(1 - (t)~^ [j^ap^ixu " \ j^^1aPixv) = in N H E. 

It follows from the assumption (1.6), and the identities (4.33) and (7.1) (which give 
Dp(:F2(l - cr)-^) = 0) in N n E) that 

-4M^:f2 = (1 - aY in N n E. (7.2) 

We define the smooth function P = y + : N — > C, 

P ^y + iz^{l-a)-^. (7.3) 

Since -T'^/A = {AMP^y^ ^ (sec (7.2)), there are null vector-fields 1,1, locally around 
every point in N, such that 

J^afif = {AMPYX, ^apf = -{-AMP'')-%, and PZ^ = -1 in N n E. (7.4) 



(7.7) 
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We fix a complex- valued null vector-field m on N such that {m,rn,l,l) — (61,62,63,64) 
is a complex null tetrad, see the definitions in subsection A. 2. We may also assume that 
(m, m, I, I) has positive orientation, i.e. 

We prove now some identities. Most of these identities, with the exception of Propo- 
sition 7.2 and the computation of the Hessian of y in Lemma 7.3, were derived by Mars 
[25]; for the sake of completeness we rederive them in our notation. It follows from (7.4) 
and (7.2) that, in N n E, 

= ^j^p2 ( ~ + - i ^aHnv ^T) ■ (7.5) 

Using (7.5), we compute easily 

^41 = ^42 = ^31 = ^32 = and .^43 = ^21 = 1/{^MP^). (7.6) 

Using (7.1) and (7.6) we compute 

^4141 = 7^4242 = thus ^(2)(i?) = 

7^3131 = 7^3232 = thus :*(2) (i?) = 

7^1434 = 7^2434 = thuS ^(l)(i?) = 

7^1343 - 7e2343 = thuS ^^^^ (R) - 

^2314 = 7^l324 = thus *(o)(i?) = 

We use now the first 4 Bianchi identities (A.37)-(A.40) to conclude that 

^ = ^ = ^ = ^ = OinNnE. (7.8) 

The remaining 4 Bianchi identities, (A.41)-(A.44) give 

DP^eP, DP^lP, 5P^r]P, 5P^^P. (7.9) 

We analyze now the functions y and z. By contracting (7.5) with 2T° and using 
2T"^Q,^ = (7/3 = D^cr we derive 

^'^"^"^-^ + ^^"-'^^^^^ ^"""^ = 2^ ^"^'^^ ^^-^^^ 

In particular, 

Sy = '5y = Dz = Dz = 0. (7.11) 

Using (7.9) it follows that 

Dy = eP, Dy = '9P, dz = -irjP, dz = -vqP. (7.12) 
In particular OP ^W^gP^ OP, -rjP = rjP, and, using again (7.10), 

T^la = 2M9P, T'^l^ = -2M'e_P. (7.13) 
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Using (7.11) and (7.12) we rewrite (7.10) in the form 

Bpy = -IPlp - ePl_^, Uf3Z = -vqPmp - irjPWip. (7.14) 

A direct computation using the definition of P shows that 

D (t'D°'(t t°T 



(1 - (7)4 4M2 

The real part of this identity and — T"Tq = 3?(7 give 

D,,D«,-D,.D«.= zI!I^ = jl,(l--^). (7.15) 

Using (7.14) this gives 

SM^rj'q - el)P^P = y^-y + z\ (7.16) 
Lemma 7.1. There is a constant B e [0, oo) such that 

D - ■ '- 

B^zB'^z = -r—^TT^ ^ N n E. (7.17) 

4M2(y2 + ^2^ ^ ^ 

In addition < P m N n E. 

Proof of Lemma 1.1. For (7.17) it sufficces to prove that 

4MW • D«zD"z + = S. (7.18) 

Let Z = 4M2PP- DazD'*^. To show ^(Z + z^) = we use the formula Z = SM^P^p'^ri^ 
(which follows from (7.14) and -77P = 77P), the identities (7.9), VP = 9P, and the Ricci 
equation (see (A.24), (7.7), and (7.8)) 

Dri = 9{r] -if)- Tissr?. 

Indeed, 

_f2DP 2DP Dji Djq^ 



D{Z + z') = 8M^P^P rvn_[-^ + ^ + T ^ 



= 8M'P'P 77 ^[2^ + 29- 0{P/P + 1) - ri23 - 0{P/P + 1) - r2i3] 
= 0. 

To show D[Z + z'^) = we use the formula Z = SM'^P'^P rjfj (which follows from (7.14) 
and — 77P = 77P), the identities (7.9), 9P — OP, and the Ricci equation (see (A. 23), (7.7), 
and (7.8)) 

Dr] = 61(77 - ^) - ri24?7- 
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Indeed, 

2x ^,.2„2T^2 f2DP 2DP Dn Dr]\ 
D{Z + z^) = SM^P^P r]r]( —— + + — + — 

= 8M^p^p\fj[29 + 29- e{p/p + 1) - ri24 - W/P + 1) - r2i4] 

= 0. 

Finally, to show that 5{Z -\- z^) = we use the formula 

Z + = -SM^P^P^ee -y^ + y, 



which follows from (7.16) and 9P = 9P, the identities (7.9), 9P = 9P, and the Ricci 
equations (see (A.29), (A.30), (7.7), and (7.8)) 

59 = -C9-r]i9-9); 
S9 = C0-v{0-9). 

Indeed, 

= -8M^P'^P'^99[-C - 77(1 - P/P) + C - 77(1 - P/P) + 2ri + 277] 
= 0. 

This completes the proof of (7.18). □ 
It follows from (7.17) and (7.15) that 

Using (7.13) and (7.14), it follows that 

nnp2 _ y'-y + B _ (T-L) • (T"L) .7 
" - - 8MV+^ " 4M^ ■ ^ ^ 

We express also the vector T in the complex null tetrad (m, m, Z, Z). Using (7.5), and 
(7.10), 

= (^V4)-ij^,'^T%^ = -{T%)la - - 2M e,^^. B^zlT- (7-21) 

We prove now a uniform bound on the gradient of the function y. 
Proposition 7.2. There is a constant C = C{Aq) that depends only on Aq such that 

\D^y\ <C inN. (7.22) 
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Proof of Proposition 7.2. For p G ^^"{Bi), xq G Sq, the gradient \D^y\ is defined using 
the coordinate chart i.e. 

4 

\D'y\{p)^J2\^j{y){p)\. 

i=i 

In view of the definition y = 3?[(1 — and the smoothness of a, the bound (7.22) is 

clear if |1 — (j{p)\ > 1/4. Assume that |1 — o'{p)\ < 1/4. Since 

3?(l-a) = l + g(T,T), 

it follows that g(T, T)(p) < —3/4. In particular, p e N n E. We define the vector- field, 

Y = g^^dayd^. (7.23) 

In view of (7.19) and T(y) = 0, we have 

Since g(T, T) < —3/4 it follows that 1^ is a space-hke vector with norm (as induced by the 
coordinate chart $^°) dominated by C. The bound (7.22) follows since djy — g(Y, dj). □ 

7.1. The connection coefficients and the Hessian of y. Assume now that N' is a 
subset of N n E with the property that 

y^ -y + B>OmN'. 
Using (7.20), we can normahze the vector I such that 

T^la = 2M in N'. (7.24) 
Thus, using (7.13) and (7.20), we compute 

e^l/P &nd 9^ -W/P^-L- f in N'. (7.25) 

Using the null structure equation (A. 21) (sec also (7.8)) 

DO = -6^ - uue, 
together with (7.9) and (7.25), we compute 

u^O in N'. (7.26) 
Using the null structure equation (A. 22) (see also (7.8)) 

together with (7.11), (7.12), and (7.25), we compute 
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We can express a; in the form, 

Using the null structure equation (A. 29) (see also (7.8) and (7.7)) 

together with (7.9) and (7.25), we compute 

C = ^ = -77 in N'. (7.29) 

Using (7.16) and (7.25), 

B - riP 

ICI'-S2= 3M.y + .y -"'"'--ir (7.30) 

Finally, using (7.14), we rewrite (7.21) in the form 

T ^ -2M{Wl + l_-CPm-CPm) in N'. (7.31) 

We summarize these computations in the first part of the following lemma. 

Lemma 7.3. Let N he the set defined by (7.1) and N' the subset o/ N fl E for which 
— y + B > 0, with B the constant of lemma 7.1. In N' we have, with P — y + iz — 

(i-^)-S 



8M^{y^ + z^y ' (y2-y + S)(y2 + ^2-)' 

B 

8M2(y2 +^ 



v'^ -V + B , ,^ 



Sy^Sy^Dz^Dz^ 0, Dy =1, Dy ^ -W, B^y'D'^y = 2W. 
We also have, for the Hessian of y, 

(D2y)44 = (D2y)33 = 0, (D2y)43 = (D2y)34 = -ly// 

(D2y)4i = (D2y)i4 = C, (D'y)42 = (D2y)24 = C 

(D2y)3i = (D2y)i3 = T^iy, (D2y)32 = (D2y)23 = 

(D2y),2 = (D2y)2i = W^^, (D2y)n = (D2y)22 = 0. 

Proof. It only remains to prove formulas in (7.32). These formulas follow easily using 
{Ti'^y)ap — ea{epy) — r'*^Q,e^(y), the first part of the lemma, and the table (A. 16). □ 



(7.32) 
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8. The main bootstrap argument 

In this section we show that 

1 - (7 and 5 = on Eq n E. (8.1) 

In view of our assumption AF, this suffices to show that 5 = in E. Our Main Theorem 
is then consequence of the main result of Mars in [25]. 

We show first that the function y is constant on Ti^ U Ti^ and increases in E. 

Lemma 8.1. There is a constant yso G (1/2, 1] such that 

y^ys, onH+un-. (8.2) 

In addition B e [0, 1/4), where B is the constant in Lemma 7.1. Finally, for sufficiently 
small e — e(Ao) > 0, 

y>yso + C~'^u^u^ on n E, (8.3) 
where are the open sets defined in section 2, and C — C{Aq) > 0. 

Proof of Lemma 8.1. Let N = denote the set constructed in Proposition 6.1. Since 
»S = in N, we can apply the computations of the previous section. It follows from (5.3) 
that if / is tangent to the null generators of Ti"*" then J-apl^ — Cla for some scalar C. 
Thus / is parallel to either / or / on H^. Similarly, the null generator of is also parallel 
to either / or / on Thus the vector m is tangent to the bifurcate sphere 5*0. Using 
Sy = 0, see (7.11), it follows that y is constant on 5*0. Using (7.12) and Proposition 5.3 
it follows that y is constant on 7Y+ U H~, which gives (8.2). Also, using (7.20) on 5*0 and 
the fact that T is tangent to So, it follows that 

ylo-yso + B^o. 

Since B e [0, oo) and yso > 1/2 (using assumption (1.7)), it follows that B e [0, 1/4) and 



,, = i±4Ble(l/2.ll. 

To prove (8.3) we consider the open sets Oe and the functions m± : Oe — >• M defined in 
section 2. It follows from (8.2) combined with (2.7), (2.8) that 

y = ysu + u+u_ ■ y', (8.4) 

for some smooth function y' : ^ M, with |-D^|/'| < C. The identities P = {1 — a)~ ^ , 
D^D^cT = -J^^, D^ctD'^ct = T"T„ • = -^a ■ T'^ (see (4.18)), and T'^ = -(1 - 
(7)V(4M2) (see (7.2)) show that, 

D^D^P = (l-a)-2D^D^a + 2(l-(T)-^D^crD^a 



4M2' ' AM^PP 
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Therefore, 



We substitute y — yso + u+u^ ■ y' (see (8.4)) and evaluate on 5*0 

2?/5„ - 1 



Since ys^ > 1/2 + C"^ it follows that y' > on Sq. Thus, for e e (0, ri) sufficiently 



D'^D^(y5o + u+u. ■ y') = 2D'^(ii+)D^(ii_) • = 

yso > 1/2 + it : 
small, 

y>yso + C'^ u+u_ in o, n e, 

as desired. □ 

We define the set 

E() = {x e Eo n E : a{x) ^ 1}. 

Clearly, Eq is an open subset of Eq fl E which contains a neighborhood of Sq in Eq fl E. 
We define the function (which agrees with the function y defined earlier on open sets) 

y:E(,^R, y{x) ^ ^{{X - ay\ 

For any R > ys^ let Vr — {x& Eq : ?/(,t) < R} and Ur the unique connected component 
of Vr whose closure in Eq contains Sq (this unique connected component exists since 
y{x) = yso < R on Sq). We prove now the first step in our bootstrap argument. 

Proposition 8.2. There is a real number Ri > yso + , for some constant C — 
C{Aq) > 0, such that S = in Ur^. 

Proof of Proposition 8.2. With e as in Lemma 8.1, it follows from Proposition 6.1 that 
5 = in Og n E. Also, since m+/m_ + U-/u+ < in Eq n E n O^, it follows from (8.3) 
that _ _ 

y-yso^ [C~\ul + ul),C{ul + ul)] in Eq n E n O,. 
Thus, for Ri sufficiently close to y^g, the set Ur^ is included in O^, and the proposition 
follows. □ 

With i?i as in Proposition 8.2, the main result in this section is the following: 

Proposition 8.3. For any R2 > Ri we have S — in Ur.^. 

The proof of Proposition 8.3, which will be completed in subsection 8.2, is done by 
induction. In view of Proposition 8.2, wc may assume that the claims in Proposition 8.3 
hold for some value R2 > Ri- We therefore make the following induction hypothesis: 

Induction Hypothesis. For a fixed R2 > Ri the tensor S vanishes on the set Wrj; 
which is the unique connected component of the set Vr^ = {x e Eq fl E : y{x) < 
i?2, cr(a;) 7^ 1} whose closure in Eq contains the bifurcate sphere Sq. 

To complete the proof of the proposition we have to advance these claims for i?2 = 
R2 + r', where r' > depends only on the constants Aq, Aq_i (here Aq_-i — A^ with 
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e = C~^, see (2.9) for the definition of A^), and R2 (as before, the constants C may 
depend only on Aq). In the rest of this section we let Cr.^ denote various constants in 
[1,00) that may depend only on ^40, ^g-i, and i?2. It is important that such constants 
do not depend on other parameters, such as the point xq G 5sonE(WR2) chosen below. 
Assume xo G Ss^nEii^R^) is a point on the boundary of Ur^ in Eq fl E. Clearly, 

y{xo) = R2. 

Thus |1 — (T(a;o)| = (-R| + z{xoy)~^^'^. Since 1 — o" is a smooth function on M and 
z{xq)^ < B < 1/4 (see Lemma 7.3), there is r'^ — r'^{AQ,R2) > such that |1 — (t{x)\ e 
(l/(2i?2),2/i?2) in Bri^{xo). Thus the function 

l/:5,.(a;o)-^M, y{x) = ^[{l - a{x))-\ 

is well defined; observe that, with dj defined according to the coordinate charts defined 
in section 2.2, 

sup {\y{x)\ + \D^y{x)\ + ... + \D^y{x)\) < Cr,. (8.6) 

By choosing r2 sufficiently small it follows from y(xo) = R2 and (8.6) that 

y{x) e {{ys, + i?i)/2, 2R2) for any x e S,, (xo). (8.7) 

In view of (2.9) there is 82 > Cj^^ small^° such that the set {—82,82) x {Br'^^xo) fl Sq) is 
diffeomorphic to the set U|t|<52$t(i?r^(xo) fl Eq). We let Q : [J\t\<s2^t{Br!,{xo) n Eq) 
Br'^{xo) n Eq denote the induced smooth projection which takes every point $t(x) into x. 

We now define the connected open set of M, which we denote by Nr^, 

Nr^ — connected component of [( Ut^R ^((Wrj)) U O^J n M containing Ur^, (8.8) 

where ri is as in Proposition 6.1. Since T is a Killing vector-field, Ct<S = in M and 
T(l — a) — 0. In view of our induction hypothesis <S = in Ur^ and T does not vanish 
in E; it follows that 

1 - (7 7^ in Nr^ and 5 = in Nr^ n E. 
Thus the computations in section 7 can be applied in the open set ■ 
Lemma 8.4. With xq G 5sonE(WR2) before, there is r2 G (0,r2] such that 

{x e Br,ixo) : y{x) < R2} C U|i|<52$t(Wi?J. (8.9) 
Proof of Lemma 8.4- In view of (7.19), 



-'^'^The constants r'2 and S2 are fixed in this paragraph sucli that ^2,(52 ^ 1. We later fix the constants 
r2 <C min(r2, 62) (Lemma 8.4), <C r2 (Proposition 8.5), and r' <C (proof of Proposition 8.3). All of 
these constants are bounded from below by some constant C^^ 
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Thus, if r2 < sufficiently small then D"|/Dq,|/ > C]^^ in Bj.i_i{xq). It follows that 

there exists r2 = r2(Ao, i?2) > and an open set B\ B^^^xq) C 5' C B^'^^xq), such 
that the set {x & B' : y{x) < R2} is connected. Let Q : B' ^ Br'^{xo) n Eq denote the 
projection defined above. The set Q{{x G B' : y{x) < R2}) C 5^/ (xq) fl Eq is connected 
and contains the set {x G S' H Eq : y{x) < R2}. Since y{Q{x)) = y{x), it follows from the 
definition oUAr^ (as a connected component of the set Vr.^) that 

Q{{xeB' ■.y{x)<R2})QUR,. 
The claim (8.9) follows. □ 

We define now N' = ^r^ fl 5^2(^0)- Since y^ — y + B > C]^ in N', the calculations 
following (7.24) in the previous sections are also applicable in N'. Recall the function H 
defined in (7.28), 

{y2-y + B){y^ + zjy 

Since B e [0, 1/4) (see Lemma 8.1) and y > yso + C^l > 1/2 + C^^, it follows that 
H > C^l in N'. 

8.1. Vanishing of <S is a neighborhood of Xq. Assume Xq G 5sonE(Wi?2) ^ before, 
and r2 > is constructed as in Lemma 8.4. We show now that the tensor S vanishes in 
a neighborhood of xq. 

Proposition 8.5. There is — r3(Ao, v4^_i, -R2) € (0, r2) such that S — in 5^3(2:0). 

As in section 6, the main ingredient needed to prove Proposition 8.5 is a Carleman 
inequality. We define the smooth function N^" : ^^°{Bi) — Bi{xo) [0, 00) 

N'^^ix) = |($^°)-^(x)|^ 

Lemma 8.6. There is e & (0, r2] sufficiently small and Cg sufficiently large such that for 
any A > and any (f) G Cq^{B^io{xo)) 

A||e-^^^0||i2 + ||e-^^'|DV| < C,A-^/2||e-^^' O^^l^ + e-^\\e-^f^T{<P) 11^2, (8.10) 
where, with R2 = y{xo), 

l = \n[y-R2 + e + e^^N''°]. (8.11) 

Proof of Lemma 8.6. Wc will use the notation Cr.^ to denote various constants in [1, 00) 
that may depend only on the constants Aq, ^g-i, and i?2- We would like to apply 
Proposition 3.3 with T/ = T, /i^ = ?/ - -R2 + e and = e^^A^^". The condition (3.9) for the 
negligible perturbation is clearly satisfied if e is sufficiently small. It remains to show 
that there is ei sufficiently small such that the family of weights {he} ee{o,e-C) satisfies the 
pseudo-convexity conditions (3.6), (3.7), and (3.8). 

Clearly, /i,(a;o) = e and T(/i,)(a;o) = since T{a) = 0. Also \D^y\ < Cr^ for j = 1, 2, 3, 4 
in 5^2(^0), see (8.6), thus condition (3.6) is satisfied if ei is sufficiently small. 
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To prove (3.7) and (3.8) we use the complex null tetrad I = e^, [ = e^, m = Ci, 
m — 62, normalized as in (7.24). With D(q,) = Dea) using Lemma 7.3 and the definition 
— y — R2 + e we have 

D(i)/ie = D(2)/ie = 0, B^s)he^-W, D(4)/le=l, (8.12) 

and, using also r] — 



'D(4)D(4) 


= D(3)D(3)^e 


= 0, 


D(4)D(3)/l^ 


= D(3)D(4)/le 


= -WH 


^ D(4)D(i)/ie 


= D(i)D(4)/le 


= C, 


D(4)D(2) 


= D(2)D(4)/le 


= c 


D(3)D(i)/i, 


= D(i)D(3)/;,e 




D(3)D(2)/le 


= D(2)D(3)/l, 




^D(i)D(2)/le 


= D(2)D(i)/le 




D(i)D(i)/le 


= D(2)D(2)/ie 


= 0. 



(8.13) 



where all the functions are evaluated at xq. Thus 



which is bounded from below by ef if ei is sufficiently small, since W{xq) > and 
|-f^(2;o)| ^ Cr^. The condition (3.7) is therefore satisfied. 
We prove now condition (3.8) for a vector X = X^^^ei + X(i)e2 + Ye^ + Ze^, F, Z e M, 
e C. Recall, see (7.31), 

T/(2M) = C^ei + (Pe2 - 63 - ^^64. 

Thus, using also (8.12) 

e-^(|X°T„|2 + |X"D„/i,|2) 

= e-2(Z - iyy)2 + e-^4M2(CPX(^) + CPX^ + ^'W^ + Zf (8.14) 
> (e"V2)(2' - WYf + (e-72)(C^^^^^ + C^^+ 2yW^)^ 

for e sufficiently small. Using (8.13) 

X"X^(/.g,,^ - TiJ^ph,) = 2X(i)X(i) (/i - -^^) + 2FZ(-/. + WH) 

- 2cx^^\z + iyy(p/p)] - 2cxw[z + w(p/p)]. 

Let L = CPX(i)+CPW. We write Z = WY+Z-WY, and then L = -2WY+L+2WY, 
and use 
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to rewrite 



, OR W \ 



Ri + z 



;WY -L+iZ- WY)[2Y{-ii + WH) - 2CX^^> - 2(^(1)] 



2R2W 
2 

(1) 



Rl + z-" 

2X(^)xa) - +2Y^(-W,-, W^H + ^^^^^ ^ 

\ Ro + z^/ \ 



R^. + z'' 



WY-{L + 2WY) + {Z- WY)[2Y{-n + WH) - 2CX^'^^ - 2CX(% 



We set now // = 3R2W/{Rl + z^) and combine (8.14) and (8.15). Since H{xo) > it 
follows that 

X^X'^ifigap - Da^fsh,) + e-\\X"T^\^ + \X"Bah,\^) 

> (e-V2)(Z - WYf + ie-'/2){L + 2YWf + 2|X«p^^ + 2Y^^^ 



- Cr,{\Z - WY\ + \L + WY\){\Y\ + |X(i)|) 

> (e-V4)(Z - WYf + (e-V4)(L + 2YWf + + Y^ 



•-2 

Y-1 



Rl + z^ Rl + z^ 



if e is sufficiently small, since W > Cj^\ It follows that 

X^X^il^g^f, - D„D;3/ie) + e-'{\X^T^\' + \X"U^h,\') > d],l{Z' + \X^'^\' + Y'), 

thus the condition (3.8) is satisfied for ei sufficiently small. This completes the proof of 
the lemma. □ 

We prove now Proposition 8.1. 

Proof of Proposition 8.1. We use the Carleman estimate in Lemma 8.6 and Lemma 8.4. 
In view of Lemma 8.6, there are constants e e (0, and (7^ > 1 such that for any \>Ce 
and any e C^(Sgio(xo)), 



A||e-^-^^0|U2 + lle-^-^^lL'Vl lU^ < C,A-V2||e-^^ Dg^H^, + e-6||e-^^^T(0) 1^2, (8.16) 
where 

7e = ln[|/-i?2 + e + e^'Ar^o]. (8.17) 

The constant e will remain fixed in this proof. For simplicity of notation, we replace the 
constants with Cr^; since e is fixed, these constants may depend only on the constants 
Aq, ^g-i, and i?2- We will show that <S = in the set B^wq — B^wo{xq). 
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In view of Theorem 4.7 and the fact that T is a Kilhng vector-field 



(8.18) 

CtS = 0, ^ ' 

in B^u){xq)^ for some smooth tensor-fields A and B. Also, using Lemma 8.4 and the fact 
that S vanishes in IAr^ (the bootstrap assumption), 

5 = in G B^w{xq) : y{x) < R2}. (8.19) 

As in the proof of Proposition 6.1, for (ji, . . . ,^4) G {1,2,3,4}^ we define, using the 
coordinate chart $, 

(PUi-M ='5(9ji,...,5jJ. 
The functions 0(ji...j4) : B^io{xo) — > C are smooth. Let 77 : R — > [0, 1] denote a smooth 
function supported in [1/2, 00) and equal to 1 in [3/4, 00). We define 

Clearly, 0^.^ .^^ e Co~(S,io(xo)) and 

= ■ T(0o,..,,)) + 00,..,,) ■ T(^,). 
Using the Carleman inequality (8.16), for any (ji, . . .ji) G {1, 2, 3, 4}^ we have 
A • \\e~^^' ■ 77e0Oi...j4)IU2 + lle-^-'^^ • 77,|DV(ji...j4)l lU^ 

< Cr,X-^/^ ■ ||e-^^^ ■ 77,ng0o,..,,)|U2 + CflJIe-^-^^ ■ ^,T(0(,,..,,)) 1^2 (8.20) 



+ C 



R2 



for any A > Cr^. Using the identities in (8.18), in B^io{xo) we estimate pointwise 

\ng4>Ui-H)\ < Cr, Ezi,...,/4 (I^V(/i..i4)l + l0Gi..i4)l); 

|T(0O-i...j4))l < C'RaEzi,...,^ \(l^(h-k)\- 

We add up the inequahties (8.20) over (ji, . . . , ^4) G {1, 2, 3, 4}"^. The key observation is 
that, in view of (8.21), the first two terms in the right-hand side can be absorbed into the 
left-hand side for A sufficiently large. Thus, for any A > Cr^ 

''Z''" r ~ ~ (8.22) 

< Cr, Y1 [W^''^' ■ Da0(,,..,4)D"^,|U2 + \\e-^f^ . 0o,..,.,)(|ng^,| + p^^.|)|U2j . 

31,— ,34 

Using the hypothesis (8.19) and the definition of the function we have 

|Da0(ji...j4)D"776| + 0(ji...j4)(Pg77e| + P^TTel) < Cr^ ■ l{xeB 10 (xo): 2/(x)>i?2 and N{x)>e^O}- 
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Using the definition (8.17), we observe also that 

inf e"^^^ > e-^^'^(^+^'°) > sup e-^^^ 

■^^lOO {xe-B^iO (xo): y{x)>R2 and N{x)>e^°} 

It follows from these last two inequalities and (8.22) that 

A ^ II Ifi.ioo ■ ^Oi -^4)1^2 < C'i^a ^ ||l{a;eB^io(j;o):2/W>K2 and Ar(a;)>e50}||L2, 

iiv,i4 iivj4 
for any A > Cr^. The proposition follows by letting A — > oo. □ 

8.2. Proof of Proposition 8.3 and the Main Theorem. In this subsection we com- 
plete the proof of the Main Theorem. 

Proof of Proposition 8.3. In view of Proposition 8.5, the tensor S vanishes in the con- 
nected open set N' = N^jj U ( ^xoe5Y.QnE{UR^) ^^^{xq)). It remains to show that for some 
r' <^ r3 we have 

Un^+r' ^ Ur2^ {^xoe5T.QnE{UR^)Gr3/c{^Q))^ (8.23) 

Grixo) = {x e Brixo) H Eq : y{x) < i?2 + r'}) , 
where C is sufficiently large so that. 



( Ux-oe5sonE(Wfl2) <^r-3/c(^o)) ^ ( ^xof^S^^n^iUu^) Gr^/4{xQ)), (8.24) 

with the bars denoting the closures in Sq. We observe that such a constant exists in 
view of the fact that 5s()nE(Wi?2) is compact and the function y tends to infinity in the 
asymptotic region of Sq (in view of our assumption AF). 

Assume, by contradiction, that (8.23) does not hold, thus there exists p G Ur^+t' 
which does not belong in the open set (in Eq) in the right-hand side of (8.23). Let 
7 : [0, 1] — ^ l^R2+r' U 5*0 denote a smooth curve such that 7(0) G Sq and 7(1) = p. Let 
p' — 'y{t') denote the first point on this curve which is not in the open set in the right-hand 
side of (8.23). Clearly, p' does not belong to the closure of Ur^, thus 



P G ^xoeSj:^^nE(UR2)Grs/ci^o)- 

In view of (8.24) we infer that, for some Xq G 5s()nE(WR2)! 

p' e{xe Br,/2{xo) n Eq : y{x) <R2 + r'}. (8.25) 

Recall our smooth vector-field Y — g°'^daydf), see (7.23) and discussion following 
it, with the property that g{Y,Y) > C]^^ in Br.^{xo). We consider the integral curve 
starting from the point p' and flowing (backwards) a short distance C]^^ (much smaller 
than r^) along Y, and project this integral curve to Eq using the smooth projection 
Q '■ ^\t\<S2^t{Br3{xo) n Eq) — > Br^lxo) fl Eg. The resulting curve is a smooth curve 
in 5^3(^0) n Eq; if r' sufficiently small then this curve contains a point p" such that 
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y{p") < R2- In view of Lemma 8.4, p" G Ur^, thus there is a point p'" G ^SonElW/jj) on 
the curve joining p' and p" . Then p' G B_^^^g{p"'), which gives a contradiction. □ 

To complete the proof of the Main Theorem we use Proposition 8.3 and Proposition 7.2. 
Using Proposition 8.3, it follows that the tensor S vanishes in the connected component 
of the set Sq whose closure in Eq contains 5*0 . Assume (Eq fl E) \ Eq ^ and let 
p G (Eq n E) \ Eq. Assume 7 : [0, 1] ^ Eq fl E is a smooth curve such that 7(0) G So and 
7(1) = p. Let p' = 7(t') denote the first point on this curve which is not in Eq U 5*0. Thus 
7(f) belongs to the connected component of the set Eq whose closure in Eq contains 5*0 
for any t" < t'. Since S vanishes in this connected component, it follows from Lemma 7.2 
that the function y is bounded by a constant at all points ^{t"), t" < t'. Thus p' G Eq, 
contradiction. 

It follows that Eq = E n E and 5 = in E fl E, which establishes the claim (8.1). 

Appendix A. The main formalism 

A.l. Horizontal structures. Assume (N, g) is a smooth^-*^ vacuum Einstein space-time 
of dimension 4. Assume (1,1) is a null pair on N, i.e. 

gG,0=gai) = Oand g(Z,i) = -L 

We say that a vector-field X is horizontal if 

g(/,x) = ga,x) = o. 

Let 0(N) denote the vector space of horizontal vector-fields on N. We define the induced 
metric, and induced volume form, 

7(xr) = g(xr) vxrGO(N), 
e{x,Y) =e{x,Y,i_,i) vx,FgO(n). ^ 

where G denotes the standard volume form on N. If {ea)a=i,2 is an orthonormal basis of 
horizontal vector-fields, i.e. 7(6^, Cf,) = Sab, we write Ga6=G (cq, e^) and without loss of 
generality we assume that Gi2= 1. 

In general the commutator [X, Y] of two horizontal vector-fields may fail to be hori- 
zontal. We say that the pair /) is integrable if the set of horizontal vector-fields forms 
an integrable distribution, i.e. X,Y E 0(N) implies that [X, F] G 0(N). For any 
vector- field X G T(N) we define its horizontal projection 

('^)x = x + g(x,i)i + g(x,Oi. 

Using this projection we define the horizontal covariant derivative VxY, X G T(N), 
Y G 0(N), 

VxY = ^''\-DxY) = BxY - g{Bxl_, Y)l - g{JDxl, Y)l. 



^-^As before, N is assumed to be a connected, orientable, paracompact C°° manifold without boundary. 
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The definition shows easily that, 

Y = fVxY + f'Vx'Y; 
VxifY + f r) = fVxY + X{f)Y + f'VxY' + X{f)Y'; (A.2) 

X7(r, Y') = 7(VxV, r) + 7(r, v^r), 

for any X,X' e T(N), Y", e 0(N), /, /' e C°°(N). In particular we see that V is 
compatible with the horizontal metric 7. 

In what follows we identify covariant and contravariant horizontal tensor-fields using 
the induced metric ^'^^"f. For any k e let Ofe(N) denote the vector space of k horizontal 
tensor-fields 

U : 0(N) X ... X 0(N) ^ C. 

Given a horizontal tensor-field U e Ofc(N) and X e T(N) we define the covariant deriv- 
ative VxU e Ofc(N) by the formula 

WxUiYr, ...,Yk)^ X{UiY,, . . . ,Yk)) - U{VxYi, . . . , n) - . . . - [/(^i, . . . , Vx^)- (A.3) 

According to the definition the mapping [X, Yi, . . . , Yk) V xU (Yi, . . . , Yk) is a multi- 
hnear mapping on T(N) x 0(N) x . . . x 0(N). 

We define the null second fundamental forms ^'^^x, '^^''x € 02(N) by 

^^h{X.Y)^g{J^xhYl 

Wx(x,y) = ^(D^l,y). ^ • ' 

Observe that '^''•'x and x are symmetric if and only if the horizontal structure is inte- 
grable. Indeed this follows easily from the formulas, 

^^^\{X,Y)-^^\{Y,X) = g(Dx/,Y)-g(Dy/,X) = -g(/,[X,Y]) 

('')x(^,Y)-('')x(>^,X) = g(Dx/,Y)-g(Dy/,X) = -g(/,[X,Y]). 

The trace of an horizontal 2-tensor U is defined according to 

ti{U) := 6'''Uab 

where {ea)a=i,2 is an arbitrary orthonormal frame of horizontal vector-fields. Observe that 
the definition does not depend on the particular frame. We denote by trx and trx the 
traces of *^'*^x ^-nd *^'*^x- U E Ofc(N) with k — 1,2 we define its dual, expressed relative 
to an arbitrary orthonormal frame {ea)a=i,2 £ 

*Ua —&ab Ub, *Uab —&ac Ucb 

Clearly *( *uj) — —uj. If a; e 0(N)2 is symmetric traceless then so is its dual *uj. 
We define also the horizontal 1-forms ^^'^r], e Oi(N) by 

= g(D,/, X), = g(D,/, X), 

^MX) = g(D,Z, X), W77(X) = g(D,l, X), (A.5) 
WC(X) = g(D;,Z,i), 
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and the real scalars 

u; = g(D;/,/), u;^g(Dil,l). (A.6) 
Assume that W e T°(N) is a Weyl field, i.e. 

Wa/Bfiu = —WfSafiu = —WajJufj. = M^/iJ/a/?; 

M^a/3M. + Wa^up + Waup^ = 0; (A.7) 
g'^'W^P^, = 0. 

We define the null components of the Weyl field W, a{W),a{W), g{W) e 02(N) and 
l3{W),(l{W) e Oi(N) by the formulas 

'aiW){X,Y) = W{l,X,l,Y), 
a{W){X,Y) = W{lX,lY), 
< (3iW)iX) = WiX,l,l,l), (A.8) 

^{w){x) = w{x,Li,i_), 

^giW)iX,Y) = WiX,LY,l). 

Recall that if is a Weyl field its Hodge dual *W, defined by *Wa(j,jiv = ^^ij.u'"'Wa(3pa, 
is also a Weyl field. We easily check the formulas, 

a{ *W) = *a{W), a{ *W) = - *a{W) 
^( *W) = *^{W), P{ *W) = - *P{W) (A.9) 
g{ *W) = *g{W) 

It is easy to check that a, a are symmetric traceless horizontal tensor-fields in 02(N). On 
the other hand g G 02(N) is however neither symmetric nor traceless. It is convenient to 
express it in terms of the following two scalar quantities, 

p(W) = W{1, I /, 1), *p{W) = *W{1, I /, /). (A.IO) 

Observe also that, 

p{*W)= *p{W), *p{*W) = -p. 

Thus, 

^(X,y) = i(-p7(x,y)+ Ve(x,y)), vx,yeO(N). (A.ii) 

We have, W{X,Y, 1,1) = g{W){X,Y) - g{W){Y,X) = *p{W) G {X,Y). Also, since 
*( *W) = -W, we deduce that W{X,Y,X',Y') =e {X,Y) *W{X',Y', l_,l) =e {X,Y) e 
{X',Y') *p{ *W). Therefore, 

W{X,Y,ll) =e *p{W) 

w{x,Y,x',Y') = - e e {x',Y')p{w) 

WiX,Y,Z, l_) =e {X,Y) PiW){Z). 
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We also consider the case of a self-dual Weyl field W = W + i *W, i.e. *W = -iW. 
Defining the null decomposition a{W), P(W), p(W), *p(W),P(W), a(W) as in (A.8), 
(A. 10) and setting *p(W) := p( *W) as in (A. 10), we find, 

*p(W) = -ip{W) 

Relative to a null frame €1,62,63 — 1,1 — 6^ we have, 

>V„b34 = -^ ^ab P(>V), Wabcd = ' ^ab^cd p(W), WabcS =^ab ^^(W) (A.12) 

A. 2. Complex null tetrads. We extend by linearity the definition of horizontal vector- 
fields to complex ones. We say that a complex vector-field m on N is compatible with the 
null pair ( I, I) if, , i.e. 

g(/,m) = g(/, m) = g(m, m) = 0, g(m, m) = 1. 

In that case we say that (m, m, /, /) forms a complex null tetrad. Clearly m is compatible 
if and only if m = -^{X + iY) for some real vectors X,Y E 0(N) with g{X,Y) = 0, 

g{X,X) = g{Y,Y) = 1. Given a compatible vector-field m and ^'^^U e Oi(N) we can 
define the complex scalar Ui : N C, 

Ui = Wc/(m). 

Similarly, given ^'^'>V E 02(N) we can define the complex scalars V21, Vu : N — > C, 

V21 = (''V(m, m), Vn = ^^^V{m, m). 

The complex scalars Ui, respectively V21 and Vn, determine uniquely the real horizontal 
tensors fields '^^^U and '^^^V respectively. 

Given a compatible vector-field m we define (compare with (A. 4), (A. 5), and (A. 6)) 



e 


— ^^)-^{rn, m) = 


g(Dj^l,m), 


= 




) = gCDjnlm] 




= '■'*^x(m, m) = 


g(D,J,m), 


1 = 


ITT- 


) = g(D„/,m 




e = ^"^M = 


-- g(D;/,m), 


i= 


'^^\{m) = 


giPil, m). 






-- g{Dil,m), 




('^)ry(m) = 


gCDil, m). 






^9{'Dll,l_): 


LU — 


g(D^l,0, 






C = ^'^CM -- 











(A.13) 



The complex scalars 0,6_,'d,'&,^,^,r),r),( and the real scalars oj, uj_ are the main connection 
coefficients of the null tetrad. 
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= ^'(2) 


(W) 


= a{W){m 


m] 


= W{l,m,l,m), 
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= (3{W){m] 
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W{m, 1,1,1), 


U(0) 


= ^(0) 


m 


= Q{W){m, 


m] 


= W{m, I, m, I). 



(A.14) 



Notice that, in view of (A. 7), a{W){m,m) = a{W){fn,m) = g{W){'m,'m) = 0, so the 
scalars ^(2), ^!.(2), ^'(i), ^E'(o) uniquely determine the real- valued Weyl field W. In 
addition, if 

is the dual dual of W , and the null tetrad (m, m, /, /) has positive orientation (i.e. Eaj^nv 
m'^mHn'' = i) then 



(2)1 



(A.15) 



In what follows we denote, 

Ci = m, 62 = m 63 = /, 64 = I. 
We define the connection coefficients T'^ap, by the formulas 

and 
Clearly 



0. 



We easily check the formulas. 
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(A.16) 



Using the definition (A. 3) we see easily that if ^^'^U G Oi(N), (''V e 02(N), and a G 
{1,2,3,4} then 

Va^'^^C/i = (e„ + ri2a)(('^)C/i), (A.17) 
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and 

V.^'^Vn = (e, + 2ri2a)(('Vn), V.^'^^^i = e„(W^i). (A.18) 

A. 3. The null structure equations and the Bianchi identities. We define 

D — I — 64^, D — I — es, 5 — m — ei, S — m — 62- 
Let R denote the Riemann curvature tensor on M. We compute 

= g(e,, [D,^(rVep) - De.(rVep) - (F^ " rV)De,e^]) 

Using this formula and the table (A. 16) we derive the null structure equations. Using 
-R1441 = —^(2){R) we derive 

{D + 21124)^ - (5 + ri2i)^ = ^(2C + v + ri)-^{uj + e + e)- ^(2)(i?). (A.19) 
Using i?i33i = — ^2(-^) wc derive 

(D + 21123)^ - (5 + ri2i)e = e(-2C + ri + v)-i.{kl+0 + l)- :*(2) (^)- (A.20) 
Using Riu2 = we derive 

D0-{S + ri22)e = -0^ -uj0-^'^ + Cv + C(2C + V)- (A.21) 
Using i?i332 = we derive 

D0-{5 + ri22)i = -f -uiO-M + lri + e(-2C + 77)- (A.22) 
Using -R1443 = — we derive 

{D + ri24)^ - + ri23)e = -2a;e + ^(l^ - v) + ^{v 'V)- *(i) (^)- (A.23) 
Using -R1334 = — ^!.(i)(-R) we derive 

{D + r,23)ri -{D + ri24)i = -2u;e + 0{v - v) + ^ -R)- (A.24) 
Using it!i43i = we derive 

{D + 2ri23)i? -{s + ri2i)77 = 77' + - # + ^(^ - 1) ■ (A.25) 

Using it!i34i = we derive 

{D + 2ri2iU - + ri2i)?7 = + - # + ^^(^ - (A.26) 

Using -R1432 = — \E'(o)(-R) we derive 

D9-(S + Ti22)v = ^l + VV-^I + 0{u^ -9)- ^io){R). (A.27) 



Using -R1342 = — ^(o)(-R) we derive 



Dl-{5 + V^22)ri^ii + rfn-'M + 0{uj-e)- *(o)(i?). (A.28) 
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Using -R1421 = — wc derive 

{6 + 2ri22)?9 - S9 = C9-C^ + r]{9 -9)+ ^{9 -9)- (A.29) 
Using R\z2i — (-^) derive 

(5 + 2ri22)2? -59_^-Cl + Cl + ri{9_-l)+ §{9 -9)- {R) . (A.30) 
Using -R3441 = — we derive 

{D + ri24)C -5u = uj{C + ri) + 0{ri-C) + -() - ^{9 + ui)-ll- vl/(i) {R). (A.31) 
Using i?433i = — we derive 

(^ + ri23)(-C)-<^^ = c^(-C + ?7)+I(?7 + C)+^(^+C)-# + ^)-i^-3^(i)(^)- (A.32) 
Using i?3443 = *(o)(-R) + *{o)(-R) we derive 

Do; + Do; = g + g - W - W + C(rj - 5) + C(r/ - r/) - (^(o)(i?) + ^(o)(i?)). (A.33) 
Using i?342i = *(o)(-R) - *(o)(-R) we derive 
{5-V^^^)C-{^+V^22)C^{M-m + {0l-0l)+ui{9-9)-uj{9^^^ 

(A.34) 

We derive now the Bianchi identities. Assume is a real- valued Weyl field, see (A. 7), 
and 

for some Weyl current J e T3(M). Then, using Proposition 4.1, 

^[pWaj3]nu = ^pWafS^i^ + ^aWfjp^y + 'D^Wpapu =^apaP * J" pv, (A.35) 

where 

* TIT 'fS ja 

•J ixv 2 M'^ 7<5' 

Using (A. 7), we derive the following 

W^3141 = W^3242 = W^4241 = ^^3231 = 0, 

W414I = *(2), W4242 = W313I = *(2), W^3232 = 

W^2314 = *(0), W^1324 = *(0), ^4343 = W^1212 = -*(0) " *(0), W^1234 = *(0) " *(0), 
W^1434 = W^2141 = *(1), W^2434 = W^1242 = 
W^1343 = W^2131 = 3^(1), W^2343 = W^1232 = 5^(1)- 

(A.36) 

We use the table (A.36) and the formula (A.35) to derive the Bianchi identities. Using 
D[2W4i]4i = — J414 we derive 

(5 + 2ri22)*(2) -{D^ ri24)*(i) = -(2C + ^)*(2) + (4^ + u;)*(i) + 3e*(o) - ^414- (A.37) 
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Using DplVsijsi = -J313 we derive 

(5 + 21x22)^(2) - (^ + ri23)%) = -(-2C + r7)3^(2) + (4^ + 0;)%) + 3^"^- Jais- (A.38) 
Using D[3W4i]4i = J114 we derive 

{D + 2ri23)*(2) -{S + ri2i)*(i) = (2u; - 1)^(2) + (C + 477)^(1) + 37?*(o) + Jiu (A.39) 
Using D[4W3i]3i = J113 we derive 

{D + 2ri24)*(2) -{S + ri2i) *(i) = {2uj - ^)*(2) + (-C + 477)*(i) + 3^"*^ + Jii3. (A.40) 
Using D[2W34]4i = — J214 we derive 

-L>*(o) -(5 + ri22)*(i) = -^*(2) + (25 + C)*(i) + 3^*(o) + 2(W^^ - J214. (A.41) 
Using D[2W43]3i = --'213 we derive 

-DW^) -{6 + ri22)^(i) = -^%) + (2r? - 0^(1) + SeW^) + 2^"^^ - J213. (A.42) 
Using D[il^42]3i = J413 we derive 

5^ +{D + ri24)3^(i) = -2^"*^ - 3^"^ +{uj- 2^)i^(i) + + J413. (A.43) 
Using D[iiy32]4i = J314 we derive 

S^{o) + {D + ri23)*(i) = -2i9% - 37^^(0) + {ui- 20^(1) + 1^(2) + J314. (A.44) 

A. 4. Symmetries of the formalism. We discuss now the main symmetries of the for- 
maUsm introduced in this section. 

1. Interchange of the vectors / and /. We define the complex tetrad (m', m', /'), 

e[ = m! = m, e'^ = m' = fn, 63 = 1/ = I, 64 = /' = /. (A. 45) 

Using this new complex tetrad we define the scalars 0',6^,'i9\'^,^',^',r]',r]',uj',uy,(' 
(A. 13). Given a real- valued Weyl field W, we define the scalars ^^2)' .^(2)' ^(1)' .$.(1)' ^(0) 
as in (A. 14). We define the connection coefficients F^^^ = (7(e'^, De^e'^). The definitions 
show easily that 

0'- 0,0:^0, 7?' = 2?, 2?' = 7?, = = v'-V,v:-V, u;'^ui,u/^u;, = 

^(2) = 3^(2), i^(2) = ^(2), = ^(1), 3^(1) = ^(1), ^(0) = 

5' — 5, 5' — 5, — D, D' — r'^21 = ^121, r'j^22 = ^122, r'j^23 = ^124, r'j^24 = ^123- 

(A.46) 

The Ricci equations (A.19)-(A.34) and the Bianchi identities (A.37)-(A.44) are invariant 
with respect to the transformation (A. 45). For example, the equation corresponding to 
(A. 19) in the complex tetrad {m' ,m' ,1/ ,1') reads 

(D' + 2r[,,)^' - (5' + r[,,)e = r (2C' + V' + i) - ^'{u;' + 6' +W) - ^[,^(R). 

After using the table (A.46), this is equivalent to 

{D + 2ri23)^ -{s + ri2i)e ^ii-2C + v + v)-i»{^ + o + I)- *(2) (^) , 
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which is (A. 20). _ 

2. Interchange of the vectors m and fn. We define the complex tetrad (m', m', Z', I') , 

e'l = m' = rn, e'2 = m' = m, e'g = !/ = [, 64 = I' = I. (A. 47) 

Using this new complex tetrad we define the scalars 0',9^,'d','d^,^',^',ri',ri',u',u/, (' as in 
(A. 13). Given a real- valued Weyl field W, we define the scalars ^(2),^(2), ^(i), ^(o) 
as in (A. 14). We define the connection coefficients T'^^^ — g{e'n,'De'^^'a)- The definitions 
show easily that 

e'^e,e:^e,i»'^^,^^l, ^'^le-i rj'^r},r/^% j^u.j^u, c' = c, 

*(2) = *(^, 3^(2) = %^). *(1) = %X) = *(0) = 

b' — 5, 5' — S, = D, D' = D, = ^121, = ^122, = ^123, r'^24 = ^124- 

(A.48) 

The Ricci equations (A.19)-(A.34) and the Bianchi identities (A.37)-(A.44) are invariant 
with respect to the transformation (A. 47). For example, the equation corresponding to 
(A. 19) in the complex tetrad (m', m', i') reads 

(D' + 2r[,,)^' - (5' + r[,,)e = e'(2C' + v' + rf) - ^'{00' + e' + W)- ^[.^iR). 

After using the table (A.48), this is equivalent to 

{D + 2T\^,)d -(5 + T\^)^ = ^(2C + r] + rl)-d{uj + e + e)- ^(2) (R) , 

which is equivalent to (A. 19) after complex conjugation. 

3. RescaUng of the null pair 1,1 We define the complex tetrad (m', m', Z', I'), 

e[ =m' = m, 63 = rr? = m, e'g = 1' = A~^l_, e'^ = l' = A-l, (A.49) 

for some smooth function yl : N — > M \ {0}. Using this new complex tetrad we define 
the scalars 0' ,d^,^' ,rf ,ri' ,iJ,C,' as in (A. 13). Given a real- valued Weyl field 
W, we define the scalars ^'^2) > 3!^(2) > ^(1) > > ^(0) ^ (A. 14). We define the connection 
coefficients T'^^^ — g{e'^, Dg^e'^,). The definitions show easily that 

e' = Ae, e: = A-% = A^, f = a- V, i' = A^i, ^ = A-% ri = r/, r^' = r^, 

*(2) = ^'^(2), %2) = ^"'^(2), ^(1) = ^^(i)> 1(1) = ^~'1(1)> ^(0) = *(o), 

5' = 5, 5^ = 5, = A-^D, D' = AD, r;2i = ri2i, r;22 = ri22, 

J = Auj- D{A), J = A-'ui - D{A-'), C' = C - S{A)/A, T',^^ = A~'Tu3, ^24 = ^ri24. 

(A.50) 

The Ricci equations (A.19)-(A.34) and the Bianchi identities (A.37)-(A.44) are invariant 
with respect to the transformation (A.49). For example, the equation corresponding to 
(A. 19) in the complex tetrad (m', m', Z') reads 

(D' + 2r[,,)^' - {S' + r[,,)c' = r (2C' + v' + v') - ^'{^' + e' + W)- ^Ur). 
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After using the table (A. 50), this is equivalent to 

{AD + 2AV-nA){A'd) -{5 + V^2i){A^() 

= A^i{2C, - 25{A)/A + ri + rj)- Ad{Auj - D{A) + AO + AO) - A^^^2){R)- 

This is equivalent to (A. 19), after simplifying the term AD{A)d—2A5{A)^ and multiplying 
by ^-2. _ 
4. Rotation of the vector m. We define the complex tetrad {m',m',lf, I'), 

e[ = m = Bm, = m' = B~^fn, e'^ = l! = L, e!^ = l' = /, (A. 51) 

for some smooth function i? : N — C, = 1. Using this new complex tetrad we define 
the scalars 0' ,9^ ,1!)' ,r]' ,r]' ,uj' ,u/ iii (A. 13). Given a real-valued Weyl field 
W, we define the scalars \1''^2) ; S!.(2) 5 ^(0) in (A. 14). We define the connection 

coefficients F^^^ = 9{^'ix: Dgj^e'^). The definitions show easily that 

e' = e,e! = e, # = B^^, f = B% = B^, ^ = B^, V = Bt], rf = Bri, J = uj,uI = uj_, 

C = BC, ^'(2) = 5'^(2), ^(2) = B%,), ^'(1) = fi^(i), ^'(1) = fi^(i), ^'(0) = *(0), 

S' = B6,6^ = B-'6, T\,, = BTui - S{B), T\,^ = B-'Ti22 + S{B-'), 

d: ^d,d'^ d, r;23 = ri23 - d{b)/b, r[^, = r,24 - d{b)/b. 

(A.52) 

The Ricci equations (A.19)-(A.34) and the Bianchi identities (A.37)-(A.44) are invariant 
with respect to the transformation (A. 51). For example, the equation corresponding to 
(A. 19) in the complex tetrad (m', m', /', /') reads 

{D' + 2T[,,)^' - {6' + F;2i)r = r(2C' + V' + rf) - ^'{uj' + 9' +W) - ^[.^{K). 

After using the table (A.52), this is equivalent to 

{D + 2Fi24 - 2D{B)/B){B^) - {BS + BF^i - S{B)){BC) 

^ BC{2BC + Bt] + Brf) - B^lu + e + 0) - B^^^2)iR)- 

This is equivalent to (A. 19), after simphfying the left-hand side and multiplying by B^'^. 
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